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1. Introduction 



The fact that an arbitrary algebraic variety X, over a field of char- 
acteristic zero, admits a resolution (that is, a proper birational morphism 
f : X' ^ X, with X' regular) was first established by H. Hironaka in his 
celebrated 1964 article [H]. 

Once resolution is available for a single variety, a natural question is to 
try to simultaneously resolve all the members of a given family, say param- 
eterized by a variety T, a process that might be called equiresolution. It is 
clear that this is not always possible: to succeed means that, in some sense, 
the singularities of the different members are not too different. Moreover, 
there are many conditions that can be imposed to a simultaneous resolution 
process, which lead to different notions (see |25j, written in the late 1970's). 
Another possible approach, using more recent developments, involves al- 
gorithmic resolutions. These theories arose as an attempt to improve and 
better understand the article [H]. 

In p3] the resolution is achieved by means of a finite sequence of blowing- 
ups, or monoidal transforms, each with a regular center contained in the 
singular set (and satisfying some further technical conditions, like normal 
flatness). But the proof, aside from being very complicated, is existential in 
the sense that it is not made very clear how to choose each center. For many 
years there was no improvement upon the original presentation. But start- 
ing in the late 1980 's several authors (basing their work, in part, on some 
pioneering contributions of Hironaka himself, e.g., [15J) obtained "algorith- 
mic resolution theorems", i.e., processes of resolution where one specifies the 
center to choose each time we blow-up. See, e.g., [26j, \X1\, [5J, [9J, [17J, 
pS] . This approach not only simplifies the original proof of [H], but affords 
some additional results. For instance, one obtains equivariant resolutions, 
i.e., compatible with the action of a group on the variety. 

A common feature of all these works is the substitution of the origi- 
nal problem, where one directly deals with algebraic varieties, by another, 
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seemingly more technical one, where one tries to "improve" other objects, 
involving a sheaf of ideals on a regular ambient scheme. More precisely, one 
deals with basic objects. We follow the terminology of [5], although the lan- 
guage and presentation vary with the different authors. A basic object (over 
a field k) is a four-tuple B = {W, I, b, E) where is a fc-smooth variety, / 
a never-zero sheaf of Cv^-ideals, b a positive integer and E a collection of 
smooth divisors of W with normal crossings. One defines a suitable notion 
of permissible transformation, which gives us a new basic object, induced 
by B on the blowing-up W of W with an appropriate regular center. Then 
essentially the goal is to reach, by means of a sequence of permissible trans- 
formations, a basic object B^ = {Wr, Ir, b, E^) where for all x G the order 
of the stalk {Ir)x in Owr,x is less than b. Moreover, one should be able to 
describe each center, say as the set of maximum value of an upper semicon- 
tinuous function taking values in a suitable totally ordered set (depending 
on the dimension of W only). If this is done in an appropriate way, the 
solution to this problem easily implies that of resolving varieties, in such a 
way that the centers of the blowing-ups used are explicitly described ([5], 
Section 5). See also, for other procedures, e.g., [B], pTO] or 

So, returning to the problem of equiresolution, a possible approach is 
this one: in the presence of a given algorithm of resolution (say, of embedded 
varieties, i.e., a closed inclusion of varieties X C W , with W regular), and 
given a family of such embedded varieties, introduce and study a reasonable 
notion of algorithmic equiresolution, i.e., a sequence of monoidal transfor- 
mations of the ambient total space inducing on each fiber the algorithmic 
resolution process. When the parameter space is smooth (or, at least, re- 
duced) , this problem was studied in [TU] , where several proposed definitions 
(for families of ideals and of embedded varieties) are seen to be equivalent. 
See also [7], section 6. 

But there is something unsatisfactory about the restriction to the use 
of reduced parameter spaces only. In many problems one is naturally lead 
to the consideration of families parameterized by non-reduced schemes. For 
instance, assuming a suitable resolution algorithm has been fixed, an appli- 
cation discussed in [10] consists of a stratification of the Hilbert scheme of 
subvarieties of P" with a given Hilbert polynomial, expressing it as a union of 
reduced locally closed subschemes, such that the restriction of the universal 
family to each stratum is algorithmically equisolvable, and universal with re- 
spect to equisolvable families parameterized by reduced schemes. Clearly the 
"reduced" condition is not entirely satisfactory. Indeed, the Hilbert scheme 
itself might be non-reduced, moreover many usual techniques to study fea- 
tures such as smoothness, tangent spaces, etc., involve the consideration of 
families parametrized by schemes of the form S = Spec (A), with A an ar- 
tinian ring. So, it seems natural to study, at least, the notion of algorithmic 
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equiresolution for families parametrized by S as above (i.e., infinitesimal 
families or infinitesimal deformations of embedded varieties). 

In this paper the latter problem is investigated. As said, initially we 
deal with basic objects over an artinian ring A as above (also called A- 
or S'-basic objects, see Definition 14. ip . Of course, the main difficulty here 
is that we have just one fiber (the naturally induced basic object over the 
only point of S), so that to directly compare the algorithmic resolutions 
of the various fibers makes no sense. Rather, one should try to introduce 
conditions that make the notion "the algorithmic resolution of the (single) 
fiber evenly spreads along S = Spec (A)" rigorous. It seems that, essentially, 
the only tool we have is to require that, in a suitable sense and working with 
appropriate completions of local rings, the orders of certain series do not 
change when we reduce the coefficients modulo the maximal ideal of A. 
This is what we attempt to do. 

For instance, the most fundamental notion developed along these lines is 
that of permissible B -center (or permissible center relative to S), where B = 
{p : W ^ S, I , b, E), {S = Spec (A), A an artinian local ring whose residue 
field has characteristic zero and p is a smooth morphism) is a basic object 
over A, see 14.11 for the complete definition. Namely, by controlling certain 
orders of ideals, one may impose a condition on a closed subscheme C C W, 
flat over S which, were S a reduced scheme rather than an infinitesimal one, 
would induce on each fiber of p (a regular variety over a field) a permissible 
center, say in the sense of [5]. Then it is possible to define a natural notion 
of permissible transform of B with center C. If we repeat the process of 
choosing a permissible center and transforming, we get what we call an 
A-permissible sequence of A-basic objects, and this induces a permissible 
sequence (in the sense of [S]) at the level of closed fibers. If this sequence is 
a resolution of B^^^ (the fiber of B) we say that our A-permissible sequence 
is an equiresolution of the A-basic object B. (This is done in sections 3 and 
4). A natural question is: if an algorithm for resolution of basic objects 
over fields (of characteristic zero) is given, when will an equiresolution be 
algorithmic^ 

In [TU] the problem of algorithmic equiresolution of families parametrized 
by a reduced scheme is studied. There one works with an arbitrary reso- 
lution algorithm satisfying certain conditions ("good algorithms"). So far I 
do not know how to treat the present deformation situation with this de- 
gree of generality. Trying to get experience, I deal with a specific resolution 
algorithm, namely essentially that of [11] (or [5], [21], [8]). We review the 
algorithm, for the reader's convenience, in section 2. 

Let us better explain what is our main result. Let A be the class of 
artinian local algebras, whose residue a field has characteristic zero. If B^^^ 
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is a basic object over a characteristic zero field k, write i{B) = r if 

(1) 5(0) = 5^(0) ^ ... ^ 5^(0) 

is tlie algoritlinmic resolution of B^'^\ Then we have: 

Theorem 1.1. There is a function associating to each A-basic object 

B = {W ^ Spec A, I, b,E) 

(A e A) with fiber a non-negative integer e{B) < £(B^'^^) and A- 
permissible centers Co, ■ ■ ■ ,Ce{B)-i, where Cq is a B = Bo-center, Ci an 
A- center for the transform Bi of Bo with center Co, and so on (thus an 
A-permissible sequence 

(2) B = Bo ^ Bi ^ ■ ■ ■ ^ Be{B) 

is determined), such that: (i) each center Ci induces on the fiber the i- 
th algorithmic center used in the sequence (1) (and hence (2) induces the 
truncation at level e{B) of (1)), (ii) this correspondence is functorial with 
respect to homomorphisms A A' and etale morphisms W —>■ W . 

The sequence (2) thus obtained is called the partial algorithmic equires- 
olution of B. When e{B) = i{B^^^) we say that B is algorithmically equisolv- 
able and call the corresponding sequence (2) its algorithmic equiresolution. 

The idea to show this is to try to generalize, or "spread", the different 
steps of the algorithmic resolution process of the fiber (a basic object over a 
field) to the A-basic object B. The number e{B) indicates how far we can go 
in the process. Of course, often e{B) < £(B^^^), not any infinitesimal family 
will be equisolvable. This generalization is studied in sections 4 though 8. 
Theorem 11.11 is proved in section 9, where we introduce conditions which, if 
valid, insure that centers used in the algorithmic resolution of the fiber i?(°) 
extend over S = Spec (A), producing the unique centers Ci of the Theorem. 

From this theorem similar results for infinitesimal families of ideals or 
of embedded varieties may be easily obtained. 

Actually, the algorithm we use is not strictly that of [Hj. We use a 
slight variation of this method. The reason is that there are some technical 
difficulties to adapt the whole process of [11] to our situation. This occurs 
at a key inductive step, where a basic object B = {W, I, b, E) is replaced 
by another Bz-, whose underlying scheme is a regular hypersurface Z of W , 
which is only locally defined, not canonically (what many authors call a hy- 
persurface of maximal contact). Because of this, there is a serious glueing 
problem to get globally valid statements. In the references above this is ad- 
dressed by re-doing the theory in a more general set-up, that of generalized 
basic objects where, after proving some technical results, the glueing process 
is easier. It seems difficult to adapt this approach to the context of basic 
objects over an artinian ring A. But, following a suggestion of S. Encinas, 
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by using techniques of Wlodarczyk in [28j {homogenized basic objects, spe- 
cially a suitable version of his "Glueing Lemma"), it is possible to develop 
a satisfactory theory over A, bypassing the use of generalized basic objects. 
See 19.111 for more details. 

Most of this article deals with basic objects, the transition to families 
of ideals or embedded varieties, by now standard (see [5], section 5), is 
explained in section [91 Of course, geometrically the most interesting case is 
that of famihes of varieties, but at present it does not seem possible to discuss 
this situation without a rather lengthy previous study of families of basic 
objects (or something similar). Also at the end of section 9 it is indicated 
how our conditions Si afford a natural notion of algorithmic equiresolution 
for families parametrized by arbitrary noetherian schemes. 

In another article we shall compare this notion with others available 
when the parameter space is reduced (P^). In the future we hope to study 
applications (like those discussed in [10], Section 4) as well as the functors 
on Artin rings that naturally arise (see [21]). 

In an appendix (section [TTl) we include some rather basic algebraic re- 
sults, that we could not find in the literature. 

It is my pleasure to thank O. Villamayor and S. Encinas for their help 
and encouragement, as well as the referee, for useful suggestions to improve 
this article. 

2. The algorithm 

2.1. Terminology and conventions In general, we shall use the notation and 
language of [13]. We describe next a few exceptions. If is a scheme, a 
IV-ideal will mean a coherent sheaf of Ov^-ideals. If / is a VT-ideal, the 
symbol V(/) will denote the closed subscheme of W defined by I. As usual, 
V{I) will denote the closed subset of the underlying topological space of W 
of zeroes of /. If F is a closed subscheme of a scheme W, the symbol I{Y) 
denotes the VT-ideal defining Y. An algebraic variety over a field k will be a 
reduced algebraic /c-scheme. If is a reduced scheme, a never-zero IV-ideal 
is a M^-ideal / such that the stalk is not zero for all x G W, in general / 
is a never-zero ideal of W if lOw' is never-zero, with W = Wred- 

The term local ring will mean noetherian local ring. In general, the 
maximal ideal, or radical, of a local ring R will be denoted by r{R). Often, 
we write (i?, M) to denote the local ring R with maximal ideal M. The 
order of an ideal I in the local ring {A, M) is the largest integer s such that 
/ C M*. If is a noetherian scheme, / is a ly-ideal and x G W , then 
denotes the order of the ideal Ix of Ow,x- 

All the varieties we consider in this paper are defined over characteristic 
zero fields. 
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2.2. The goal of this article is to study certain questions on simultaneous 
resolution, or equiresolution, in the presence of an algorithm of resolution 
of singularities. The most interesting case is that of algebraic varieties, but 
in our approach it is more convenient to study first, in detail, the analogous 
problem for a more formal type of objects, the so-called basic objects (over 
fields). From this similar results for varieties easily follow. We shall work 
with a specific algorithm, essentially that developed in [26] and [27] (and 
presented more sistematically in [TT] or [5]). For the reader's convenience, 
and also to motivate our work in the succeeding sections, we shall briefly 
review this algorithm. We omit proofs and many details, found in the ref- 
erences just mentioned or, extended to the more general setting of basic 
objects over artinian rings, in further sections of the present paper. 

In this section we work with algebraic schemes over a field k, of char- 
acteristic zero (although something similar can be done in a more general 
context, see [10], 5.11). 

2.3. A basic object (over a field k, of characteristic zero) is a four-tuple 
B = {W, I ,b, E), where is a smooth, equidimensional algebraic variety 
over fc, / is a never- zero VT-ideal, 6 > is an integer and E = {Hi, . . . , Hm) 
is a sequence of distinct regular hypersurfaces of W (i.e., each is a regular 
Weil divisor of W) with normal crossings (0, 2.1). The smooth variety W 
is the underlying scheme of B, denoted by us{B). The dimension of B is 
the dimension of the variety us{B). 

In fTl] or [5], the notation {W, {I,b),E) is used for a basic object, we 
drop the inside parenthesis to simplify. 

2.4. The singular set Sing(i?) of a basic object is {x E W : Ux{I) > b}. This 
is a closed set of W . Indeed, one may introduce an operation A* on l^-ideals, 
2 > 1, so that Sing(_B) = V(A^^^(/)). Concerning A = A\ if w is a closed 
point of W and Xi, . . . , x,. is a regular system of parameters oi R = Ow,w and 
Di is the derivation associated to Xj (the "partial derivative" with respect 
to Xi), then A(J)^ is the ideal of R generated by U {Dif : / G /^}, 
A* is defined by iteration. One defines A(/) more intrinsically by means of 
suitable Fitting ideals of Qu{i)/k, k the base field. See [5J, section 13, for 
more details. 

The use of differential methods (such as the operators A-'(/)) was pio- 
neered by Jean Giraud (see [12]). These have greatly helped to clarify and 
simplify the theory of resolution of singularities. They give us an alternative 
way to treat Hironaka's notion of maximal contact, and play and important 
role in algorithmic techniques. 

2.5. Permissible transformations. U B = {W, I,b, E), E = {Hi, . . . , Hm) is a 
basic object, a permissible center for B is a closed subscheme C <ZW having 
normal crossings with the hypersurfaces Hi, i = 1, . . . ,m (m particular, C 
is regular) such that C C Sing(i?). We define the transform of B with 
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center C as the basic object Bi = (Wi, Ii,b, Ei)) where Wi is the blowing- 
up of W with center C (so, we have a natural morphism Wi — > W), E' = 
{H[, . . . , H'^, Hm+i), where H- is the strict transform of Hi {i = 1, . . . m) 
and Hjn+i is the exceptional divisor, finally Ji := I{Hm+i)~^IOwi (cf. |5], 
section 3). The process of replacing B by such new basic object Bi is is called 
the (permissible) transformation of B with center C, denoted hj B ^ Bi. 
We'll also write Bi := 7{B, C). 

If Wi — i> is as above, we also define the proper transform of / to 
Wi as the VTi-ideal £~°'IOwi, where £ defines the exceptional divisor and 
the exponent a is as large as possible. This integer is constant along each 
irreducible component of the center C used, but in general not globally 
constant. 

2.6. A resolution of the basic object i? is a sequence Bq ^ ■ ■ ■ ^ Br, 
where each arrow Bj ^ Bj^i is a permissible transformation, such that 
Sing(E,) = 0. 

An algorithm of resolution (for basic objects in S) is a rule that as- 
sociates to each positive integer d a totally ordered set A^'^) and, for any 
given basic object Bq = {Wq, Iq, Bq, Eq) of dimension d, functions as fol- 
lows. First, there is an upper semicontinuous function Qq : Sing(i?o) —>■ 
A^'^\ (taking finitely many values), such that Cq = Max((yfo) = {w E 
Sing(i?o) : go{w) is maximum} is a permissible center. If Bi = 7{Bo,Co) 
has Sing(Si) 7^ 0, a function gi : Sing(i?i) A^'^^ is given, such that 
Ci = Max [qi) is a well determined i?i-permissible center, which we blow- 
up, and so on. Eventually we get in this way a permissible sequence Bq ^ 
Bi <— ■ ■ ■ ^ Br- We require that this be a resolution, i.e., Sing(i?r) = 0. 
This is called the algorithmic resolution sequence of B. Moreover, this should 
be stable under etale base change, meaning that if B' is the basic object ob- 
tained by pull-back under an etale map W —>■ W, then the pull-back of the 
resolution sequence above may be identified to the resolution sequence of 
B' (and the new resolution functions are induced by the original ones) and, 
similarly, under extension of the base field. 

2.7. In this paper we shall work with a specific algorithm, a variant of 
that of [5j or [llj (with some elements from [28]). We shall refer to it as 
the VW-algorithm. In its construction, the following auxiliary notions are 
important. 

(i) the functions uo^ and tr- If 

(1) Bo< ^ Br 

is a sequence of basic objects and permissible transformations (where we 
write Bj = {Wj, Ij,b, Ej), for all j), we define, for x G Sing(i?r), ujr{x) : = 
^x{Ir)/b (where Ir denotes the proper transform of Jq to Wr). It can be 
proved that if in our sequence the center of each transformation is contained 
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in Max{ujj) (the set of points where uj reaches its maximum value max{ujj)) 
then max(0j_i) > max(0j), for j < r. Such a sequence will be called 0- 
permissible. 

The functions are defined by induction on the length r of a 0-permissible 
sequence as above. If r = 0, for x G Sing(i?o) we write to{x) = {uq{x) , uq^x)) , 
where no(x) is the number of hypersurfaces in Eq containing x. Assume 
that tj = {uj,nj) was defined (on Sing(_Bj)) for j < r and that in our se- 
quence (1) is t-permissible, i.e., that each center used in the blowing-ups 
is contained in the subset of Sing(i?j) where ti reaches its maximum value 
(in particular then (1) is 0-permissible). Let s be the smallest index such 
that max(0s) = max(0r) and E~ the collection of the hypersurfaces in E,. 
which are strict transforms of those in Eg. Then, for x G Sing(i?j.) we set: 
tr{x) = {uJr{x),nr{x)), wherc nr{x) is the number of hypersurfaces in E~ 
containing x. A iJ^-center which is contained in Max(tr) will be called t- 
permissible. It can be proved that in a t-permissible sequence the sequence 
max(tj) is non- increasing. 

(ii) Monomial objects. A basic object B = {W, I ,b, E), where E = 
{Hi, . . . , Hm) is monomial if for each w & W we have: 

J^ = /(iJi)"^(-).../(iJj"'"('") 

with each function at : W —>■ Z constant on each irreducible component of 
Hi and zero outside Hi. If B is monomial, one may define (using combinato- 
rial techniques) a function Tb from Sing(i?) to Z x Q x which is upper- 
semicontinuous (when the target is lexicographically ordered). Then, it turns 
out that C := MslxITb) is a permissible center and that, if Bi = 7{B,C), 
m.a,x.(T Bi) < max(r5). This center C is the intersection of certain hypersur- 
faces in E, which are explicitly determined from Tb (see [5], section 20, or 
15.41 of this paper). 

2.8. Now we briefly describe our resolution algorithm, that will be called 
the VW-resolution algorithm. 

(a) For each integer > 1 we must indicate a totally ordered set A'-'^-' 
and, for any given basic object Bq = {Wq, Iq, bo, Eq) over k of dimension d, 
the corresponding resolution functions gj. 

This process will be defined inductively on the dimension of Bq, as 
follows. In the sequel, §i := Q x Z and §2 := Z x Q x Z^, in all cases 
lexicographically ordered. 

If dim(5o) = 1, let A^^) = Si U §2 U {ooi}, where if a G §2 and 6 G Si 
then a > b and ooi is the largest element of the set. Then we define for 
w G Sing(_Bo), go{w) = to{w) and, if gi is defined for i < s, determining a 
permissible sequence Bq ^ Bi ^ ■ ■ ■ ^ Bg we define, for w G Sing(_Bs), 
gs{w) = ts{w) if 0s{w) > and gs{w) = Tb^{w) otherwise. 

In the induction step we need the following auxiliary construction. 
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{f3) Inductive step. Assume that we have an algorithm of resolution 
defined for basic objects of dimension < d. Consider a t-permissible sequence 
of basic objects and transformations 

(1) Bo^B,< ^Bs 

Let w G Max(ts) and suppose that, near w, dimMax(ts) < d — 2. Then 
there is an open neighborhood U of w (in Wg = us{Bs)), a hypersurface Zg 
on U, containing w, and a basic object Bg* = {Zg, Ig* ,bs* , E/), having the 
following properties: 

(i) Sing(5/)=Max(t,|^). 

(ii) The algorithmic resolution sequence corresponding (by the induction 
hypothesis) to Bg*: 

(2) Bg* ^ (Bg*), < ^ {Bg*)p 

(determined, say, by resolution functions gi) induces a t-permissible sequence 

(3) Bg ^ Bg^i ^ Bg^p 

(obtained by using the same centers Ci = MaxQi), and denoting by Bg the 
restriction of Bg to U). 

(iii) If max(ts) = ma.x(tg^j) (j = 1, . . . ,p) then, for all such indices j, 
us{{Bg*)j) gets identified to Zg+j, the strict transform of Zg to us{Bg+j) and 
Sing((i?5*)j) = Max(t.,.+j) (where tj are the t-functions of the sequence (3)). 

(iv) Under the assumption of (iii) for all j = 0, . . . ,p, if Wj G Max(ts+j) 
is in the pre-image of w (under the morphism -Bs+j — > Bg arising from 
(3)), the resolution function gj of Bg* defines a function (still denoted by 
gj) on a neighborhood (in Ma:x{tg+j)) of Wj. The process does not uniquely 
determine the neighborhood U nor the hypersurface Zg, but the value gj{wj) 
is independent of the choices. 

In 12.91 we are going to indicate how to make these constructions. 

(7) Now, assuming the resolution functions given for dimension < d, 
we'll define resolution functions gj for objects of dimension d as follows. In 
this case, the totally ordered set of values will be: A'^'^^ = (Si x A*^'^^^^) U 82 U 
{oorf}, where Si x A*^'^"^-' is lexicographically ordered, any element of §2 is 
larger than any element of Si x A'-'^"^-' and oo^ is the largest element. 

Consider first a single basic object Bq. Let M := Max(to) and M(l) 
the union of the one-codimensional components of M. Given x G Sing(i?o), 
necessarily we have 0o{x) > and there are three cases, (a) x G M(l). Then 
set go{x) = (to(a;), ocd-i)- (b) x G M \ M(l). Then take a neighborhood U 
of X (in W) such that the basic object Bq above is defined and the function 
go : Zq ^ A^^~^^ as in (iv) above (with s = j = 0) Then set goix) = 
(to{x) , go{x)) . This value is independent of the choices made, (c) x ^ M 
Then set go{x) = {to{x), ood-i)- 
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Assume now that resolutions functions Qi, i = 0, ... ,j — 1 have been 
defined, determining centers Cj = Max (gi), i = 0, . . . , j — 1. . . , leading to 
a permissible sequence ^ ■ ■ ■ ^ Bj, Bi = (Wi, Ii,b, Ei), i = 0, 
j > 0. We assume that if Bj_i is not a monomial object, then this is a 
t-sequence. 

There are two basic cases: (a) max(0j) = 0, (b) max(0j) > 0. 

In ), Bj is monomial, for x G Sing{Bj) let Tj be its F-function 

and set gj{x) := Tj{x). In case (b), let Mi(j) denote the union of the 
one-co dimensional components of M{j) := Max(tj) and H the exceptional 
divisor of the blowing-up (with center Cj) Wj^i ^ Wj. For x e Smg{Bj) 
there are three sub-cases: 

X G Mi(tj) n H. Then we set gj{x) = itj{x), ood-i) 

(62) X G (M(j) \ Mi(j)) n H. Then consider the smallest index s such 
that t<((xs) = tj{x), where Xs is the image of x in Sing(_Bs) induced by 
the sequence above. Using the construction of applied to Xg G Ws, 
we obtain resolution functions of B*, go,gi,.... Then it makes sense to 
take gjl^s{x), and it can be proved that this value is well-defined. We set 
gjix) = {tj{x),gjr,{x)) G Si X A('^-i). 

(63) X ^ H. Then, if x' is the image of x in Wj^i, set gj{x) = gj_i{x') 
With this definition, if Bj is not monomial then the center Cj = Ma.x{gj) 

is contained in Max(tj). 

It can be proved that the sequence {max{gj)} is strictly decreasing, 
which leads to a resolution of B ([5] or [TT]). 

2.9. We shall better explain some details of this process, specially the crucial 
inductive step of 12.81 For this, we must review some other concepts. 

(a) Adapted hypersurfaces, nice objects. A hypersurface Z C W is 
adapted to B (or Z is B-adapted) if the following conditions hold: (Al) 
I{Z) C A*~^(/) (an inclusion of sheaves of Ov^-ideals), (A2) Z is transversal 
to E (see 16.11) . If, moreover: (A3) "Whenever D (resp. D') is an irreducible 
component of Z (resp. of l^(A*~^(/))) then D 7^ D'" holds, we say that Z 
is inductive. 

We shall say that B (a basic object in S) is nice if either Sing(i?) is 
empty or B admits an adapted hypersurface. An adapted hypersurface is 
necessarily regular. 

(/3) Inductive objects If i? is a nice basic object we define a VT-ideal, 
called the coefficient ideal and denoted by C(/), as follows: 

6-1 

e(/) := 

i=0 
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If Z a 5-inductive hypersurface, then the coefficient ideal relative to Z, or 
the Z-coefficient ideal, denoted by C{I,Z), is the restriction of C(/) to Z. 
This is a never-zero Z-ideal. 

The basic object Bz := {Z,e{I , Z),b\, Ez), Ez = {HiHZ, . . . , HmnZ), 
is called the inductive object of B, relative to the inductive hypersurface Z. 

(7) Consider a t-permissible sequence of basic objects and transforma- 
tions Bq ^ ■ ■ ■ ^ Br (where {Bj = (Wj, Ij,b, Ej)) and a point w G Wr 
such that, near w, = {x : tr{x) = tr{w)} has codimension (in Wr) > 1. 
Then there is a nice object B", defined on a suitable neighborhood U of w 
in Wr, admitting an inductive hypersurface Z, such that Sing(i?^') = M^. 
The definition and properties of this object are presented in fTTj, 9.5 or, in 
a more general context, in section 8 of this paper. 

(5) Homogenized ideals and objects. If is a variety, a W-weighted ideal 
is a pair (/, b), where / C Ow is VT-ideal and 6 is a non-negative integer. 

The associated homogenized ideal of (/, b) is the the ly-ideal 

(1) nil, b)=I + A(/)T(/) + • ■ ■ + A\I)T{iy + ■■■ + A'-^(J)T(/)^-^ 

where we have written T(/) := A''^^(/) (see section 2). 

If i? = (W,I,b,E) is a basic object in §, the basic object Hi^B) : = 
{W,H{I ,b),b, E) is the homogenized object associated to B. This is dis- 
cussed in detail (in a more general setting) in section [3 

2.10. We return to the discussion of the VW-resolution algorithm. In the 
notation of 12.81 we take as the open set U a neighborhood of w over which 
the nice object B'^ of 12.91 (7) is defined. Then its associated homogenized 
object T-C{Bs") := [HB'^) is again nice and it admits an adapted hypersurface 
Zg containing w, defined on U . This will be the Zg of I2.8[ Our object 5* of 

will be {n{B'i))z,. 
In 18.51 of this paper we shall check that properties (i)-(iv) of 12.81 {j3) are 
valid. 

2.11. The algorithm discussed in [11] or [5] is very similar to the VW- 
algorithm just described. It proceeds as in 12. 8[ the only difference is that 
in the inductive step the auxiliary object -B* now is {B'!.)z^ rather than 
{T-C{B"))z^. This looks simpler, however with this approach it is more dif- 
ficult to check that the process is independent of the choice of the adapted 
hypersurfaces Zg we choose (as mentioned in the introduction, see also l9.11() . 

Actually, it can be proved that both the VW-algorithm and that of 
|llj are the same, in the sense that the resolution functions in either case 
coincide. We shall not check this fact in this paper. 

We want to emphasize that we do not claim that the VW-algorithm (or 
that of pn]) and that of [2B] are the same. They are not, as is proved in [7] 
Remark 6.16. The VW-algorithm is not that of [2B], but essentially that of 
|llj . with some details changed by using some concepts from pS] . 
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2.12. The algorithms just discussed enjoy some important additional prop- 
erties. For instance, they are functorial with respect to etale morphisms 
W — >■ W (where W = us{B), B a basic object) and extension of the base 
field. For the precise statements and a proof see [11] or [5]. 

2.13. In the following sections (3 through 8) we attempt to generalize, as 
much as possible, the theory just described to the case where we do not work 
over a base field k but rather a (suitable) artinian ring A. Our point of view 
is to regard a basic object defined over A (see 14. ip as an infinitesimal family 
of basic objects, or an infinitesimal deformation of the only (closed) fiber that 
we have. In our approach, when adapting a given notion is adapted to this 
situation, the intuitive idea is that it applies to the fiber and it "spreads well" 
along the (infinitesimal) parameter space Spec (A). This won't be always 
possible. When the whole resolution process of the fiber can be extended 
to an object over A we'll say that we achieved algorithmic equiresolution. 
The extension of this theory to the mentioned relative situation sometimes 
is straightforward, sometimes not. In general, when the translation to this 
relative situation is simple we shall omit the proofs or certain details. 

Concerning the algorithm of resolution, working over an artinian ring 
A the resolution functions gi of 12.61 do not seem very useful. Indeed, these 
functions are really defined on the underlying topological space W (notation 
of l2.3p . or a subspace thereof. If ly is a scheme over A (artinian), W and the 
fiber share the same topological space. Hence, for our purposes the VW- 
algorithm should be regarded as a rule selecting the appropriate centers 
Co, Ci, . . . involved in the algorithmic resolution sequence of I2.6[ This is our 
point of view. 

3. Basic Notions 

3.1. In general, we shall use the notation and terminology introduced in 12.11 
In addition, throughout, the symbol A will denote the collection of artinian 
local rings (A, M) such that the residue field k = A/M has characteristic 
zero. Since such a ring is necessarily complete and equicharacteristic, A will 
contain a (unique) field of representatives, i.e. a subfield mapping onto k 
via the canonical homomorphism A ^ A/ M = k. Thus, A is automatically 
a fc-algebra. \i A E A we'll usually write 5* = Spec {A). 

3.2. \{ p : W ^ S is a, smooth morphism, 5* = Spec (A), the fiber (or 
closed fiber) of p is the fiber over the only point of 5* (regarded as a closed 
subscheme of 5"). It is denoted it by W'^'^\ Then = Wred and this is 
an algebraic variety, smooth over the field A/M. If / C Ow is a ly-ideal, 
/(°) := IOw(o) is called the fiber of /. 

A hypersurface on W over or an S'-hypersurface, or an A-hypersurface, 
is a positive Cartier divisor fiat over inducing over the fiber W'^'^'^ a 
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regular codimension one subscheme H^^\ Thus, the ideal I{H)y (the stalk at 
y of the ideal sheaf defining H C W) is defined by a single element, inducing 
at Oy^[o) y an element a of order one. This element a is a non-zero divisor 
of Ow,x- This is a consequence of Theorem 23.2 (page 179) in [20] (or use 
lll.2[ witn n = 1). It can be proved that the naturally induced projection 
morphism H S is smooth (see 111.2]) . 

3.3. Let p : W ^ S he as w a point oi W, R = Ow,w, R' = 
^w(o) w (the local ring of the special fiber at w, which is regular.) A system 
of elements ai, . . . , a„ in R is called a regular system of parameters of R 
relative to p, or simply (if the morphism p is clear) an A-regular (or S- 

regular) system of parameters if the induced elements af^ , ■ ■ ■ , ctn^ in R' form 
a regular system of parameters, in the usual sense. Elements of i? 

are part of an A-regular system of parameters, or a partial A-regular system 
of parameters, if they are contained in an A-regular system of parameters 
ai, . . . , a^, r < n, of R. Then necessarily ai, . . . , a„ is a regular sequence in 
the local ring Ow,w (see 111.21 or use the result in [2Qj cited at the end of 13.21 
and induction). 

3.4. An collection E = {Hi, . . . ,Hm} of S-hypersurfaces of W is said to 
have normal crossings if for all points w & W there is an A-regular system 
of parameters ai, . . . , a„ of Ow,w such that iJi U ■ ■ ■ U Hm is defined at w by 
a product of elements Oj, without multiple factors. This product might be 
empty, hence = 1 (this happens when no hypersurface Hi contains w.) 

A subscheme C of W (with defining sheaf of ideals I{C)) is said to 
have normal crossings with E over S (or relative to S) if E has normal 
crossings and for all points w & C, there is an A-regular system of parameters 
ai, . . . , On in Ow,w such that the stalk I{C)w is generated by (ai, . . . , ar)Ow,w 
(for some r < n) and for each Hi containing w, the ideal I{Hi)y^ is generated 
by a suitable element aj, j E {I, . . . ,n}. 

It can be proved that the induced projection C — > S* is smooth, and the 
blowing-up Wi of W with center C is also S'-smooth (see lll.2() . 

3.5. An S-paiT (or A-pair) is an ordered pair {p : W —>■ S, E), with p smooth 
and E = {Hi, . . . , Hm) an ordered m-tuple of distinct S'-hypersurfaces on W 
having normal crossings. We call W the scheme of the pair {p, E). When A 
is a field which should be clear from the context (e.g., when taking a closed 
fiber), often we shall write {W, E) for the pair. 

A permissible center for the pair {p, E) (as above) is a subscheme C of 
W , having normal crossings with E. Then C is automatically smooth over 
S (1^. 

3.6. We use the notation of l2.1[ Let B = {p : W ^ S, E) he a pair over S, I 
a never zero VT-ideal and C d W he an irreducible 5'-permissible center for 
the pair {p, E), defined by the l^-ideal J C Ow, with generic point y E C. 
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We shall say that the order of / along C is > m, written z/(/, C) > m, 
if (in the local ring Ow,y) we have ly C {Jy)"^. 

Finally, we write z/(/, C) = m if m is the largest integer such that 
> m. 

Example 3.7. Let W = A\ = SpecAfa;,?/] with A = k[e] = k[t]/{t^) (and, 
say, k = C), S = Spec A, W ^ S the natural projection, / = (ex + y'^ + 
x^)A[x,y], E = (/), C = V{x,y), w the "origin", i.e. the maximal ideal 
{e,x,y)A[x,y], 6 = 2. Then C is S'-permissible and 1^ has order 2, but 
u{I,C) = l. 

3.8. Let W S = Spec A (with A E A) he a. smooth morphism, w G W, 
ai, . . .ttr elements of i? := Ow,w which are part of an A-regular system of 
parameters, J = ( )R, R' = R/J. Then, the completion R* of 
R with respect to J is isomorphic to the power series ring in r variables 
-R'[[xi, . . . , Xr]], where x, corresponds to a,, for all i (see 111.6(1 . 

Now, with the notation of 13.61 let w be the generic point of the center 
C and J = I{C)w. Then, by definition of permissible center, there is a 
sequence ai, . . . , which is part of an A-regular system of parameters (see 
13.31) and generates J. Then, again with the notation of I3.6[ v{I,C) = m if 
and only if each f E Iw, when regarded as an element of the completion R* = 
R'[[xi, . . . , Xn]], R' = Oc,w, can be written as a power series in xi, . . . , x^ of 
order > m, with coefficients in R', and for some / that order will be exactly 
m. 

3.9. The notions of l3.6l can be described in a more global way as follows, (cf. 
[TT] or [S], section 13). We retain the assumptions and notation of 13.61 Let 
J be a W-ideal Define A{J/S) := J + J^d-i{^Y/s), where Y := V(J) and 
Td-i denotes the {d — 1)-Fitting ideal. Then, using well known properties 
of the objects involved and the remarks in l3.8[ the following facts are easily 
verified. 

If w E C is a closed point the stalk I{C)w is generated by an A- 
regular sequence Oi, . . . , a„ of Ow,w, let R* = A'[[xi, . . . ,Xn]] (with A' = 
Ow,w/{.o,i, . . . , ttn)) denote the completion of Ow,w with respect to the ideal 

). Then A( J/ S)^R* is the ideal generated by the elements f E 
and the partials df /dxi, i = 1, . . . , n, for all / G J^. 

We may iterate this construction, getting l^-ideals A*( J/ S), i = 1,2, . . ., 
such that A'^{J/S)R* is the ideal generated by elements of / and their partial 
derivatives of order < i. 

The connection between this object and the notion of 13. 61 is given in the 
following result. 

Proposition 3.10. // {W S,E) is an S-pair, C is an irreducible per- 
missible center, with generic point y and defining ideal I{C) = J, and I a 
never-zero W -ideal, then the following statements are equivalent: 



ALGORITHMIC EQUIRESOLUTION OF DEFORMATIONS 



15 



(a) C (J^.)^ for every closed point x in a dense open subset ofC (i.e., 
a non-empty subset ofC). 

(Hi) A^~'^{I/S)x ^ for every closed point x in a dense open subset 
of C (say, for x in U nC, U a suitable open set ofW.) 

(iv) A^-\I/S) C J 

Proof. The other imphcations being well-known, we discuss the implication 
[Hi) =^ (if). Recall the following basic facts. Here, if F is a locally closed 
subscheme of a scheme W, cl{Y) denotes the scheme-theoretic closure of Y 
in W. 

(a) If F is a closed subscheme of W, U an open of W, Y' = Y H U then 
d{Y') C Y. 

(b) In the notation of (a) if, moreover, the closed subscheme Y is irreducible, 
has no embedded points (e.g., if it is C-M, that is a Cohen-Macaulay scheme) 
and U and Y have at least one point in common, then cl{Y') = Y 

Now we prove (Hi) =^ (iv) as follows. Let Y = V(A''~-^(//S')), note that 
V(/(C)) = C. Observe, moreover, that W is C-M (use the fact that W is 
smooth over S which is C-M, now use the Corollary to Thm. 23.3, page 181 
of [2D])- Since C is locally defined by a regular sequence, C is also C-M, in 
particular with no embedded points. Let U be an open set in W such that 
the open subset of C in (iii) is of the form C = C (lU. Let Y' = Y (lU, and 
C = CnU. The assumption of (iii) implies that the restriction of A^~^{I/S) 
to U is contained in the restriction of /(C) to U (because the closed points 
are dense, Wred being an algebraic scheme over a field). This implies, taking 
V, that C C Y'. Taking closure we get d{C') C c/(F')- But, by (a) and 
(b), d{C') = C and c/(F') C Y. Thus, C C F, which is equivalent to (iv). 

□ 

3.11. Note that the notion of S-hyper surf ace given in 13.21 may be equiva- 
lently expressed as follows. A subscheme H oiW vs, an S'-hypersurface if, 
for each x G i/, l{li)x is generated by an element a G Cvk,x whose image 
in Cyi/(o) a; is in M\M'^ (with M = ^(CvfC),!:))- Indeed, as remarked in 13. 2[ 
the definition given there implies this notion. Conversely, if if C is as 
indicated, then H is flat over S (see the end of 13. 4p and, using 13. 8[ the 
completion of i? = Ow,x with respect to (a) is isomorphic to v4'[[a]] (with 
a analytically independent over A' = A /{a)), showing that a is not a zero 
divisor in Ow,x- Hence, H is a relative Cartier divisor over 5*. 

3.12. Let {p : W S, E) be an S-pair, C an ^-permissible center of it. 
If W is the blowing up of W with center C, p' : W — > 5* the induced 
morphism and E' = {H[, . . . , H!^, H!^_^^), where H- is the strict transform 
of Hi, for i = 1, . . . ,m and i/^+i is the exceptional divisor, then {p', E') is 
a new S'-pair, called the transform of (p, E) with center C. The fact that 
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H^_^i is an A-hyper surf ace (in the sense of I3.2p is seen by using I3.1H the 
other points are easy. The closed fiber of {p', E') may be identified to the 
transform of {W^^\ E^) with center ■= C n W^^^ (use[lL7!). 

4. Basic objects 

Definition 4.1. A basic object over S* is a four-tuple B = {p : W 
S, I, b, E), where {p, E) is an S'-pair, I a never-zero l^-ideal ( ]2.ip and 6 is a 
non-negative integer. 

The pair (p, E) is the underlying pair of the basic object B and W is 
the underlying scheme of the basic object B, denoted by us{B). The integer 
b is the index of the A-basic object B. The dimension of B, dim (S), is the 
dimension of the scheme us{B). 

There is a naturally defined notion of the fiber of a basic object S, 
usually denoted by ^(o) = /(o), 6, We let Sing(5(o)) denote the 

closed set {w G : z/^(/(°)) > 6} and Sing {B) := Sing (E^o)). 

4.2. If B = {p : W ^ S, I,b, E) is an S-basic object, a subscheme C W 
is a permissible center for 5 (or S-permissible, or just a 5-center) if it is 
a permissible center for its underlying S'-pair [p, E) and moreover, for each 
irreducible component C of C we have, letting C'^^^ be the fiber of the 
natural projection C — > S, that 

(1) z/(/,C') = z/(/(°\C"(°)) > 6 

with the notation of I3.6[ 

Note that ii A = k {a. field) then a S-permissible center is a permissible 
center in the sense of flT], [5] or 12. 5[ A B-permissible center induces a 
permissible center on the fiber B^^\ 

Example 4.3. It is possible to have A-basic objects without any permissible 
centers. This is a simple example. 

Let B = {W ^ S,I,2,(/f), where S = Spec (A), with A = k[e] {k a 
characteristic zero field, = 0, ), = Spec(y4[a;]) (x an indeterminate 
) / = {x^^ex). Were C a 5-permissible center, it should induce the only 
permissible center of the fiber namely the origin V(x). Hence, the 

ideal I{C) is generated by an element of the form y = x + h, h & {e)A[x] 
and A[x] = A[y]. Then I = {{y - hf,e{y - h)) = {y^,ey) and C = V{y). 
Now it is clear that C) = 1 while z/(/(°), = 2, impossible were C a 
5-permissible center. 



Proposition 4.4. (a) Let C be an irreducible B -center, with B as in 4-1 
Z G W an irreducible S -hyper surf ace, both C and Z having a common point 
y. Assume I{Z)y C I{C)y. Then, C C Z. 

(b) Assume C, C are irreducible B-centers, having a common point y, 
and I{C)y = I{C')y. ThenC = C'. 
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Proof. It is similar to that of I3.10[ (a) Let cl indicate scheme-theoretic 
closure in W. The hypothesis implies that there is an open dense neighbor- 
hood U of y in W such that, letting Ci := C\u, Zi := Zp, we get Ci C Zi. 
Hence cl{Ci) C cl{Zi). But since both C and Z are Cohen-Macaulay, hence 
without non-trivial embedded points, necessarily d{Ci) = C, d{Zi) = Z. 

(b) Use the same argument as in (a), with C rather than Z, to get 
C C C. Similarly we get C" C C. □ 

4.5. If B is an A-basic object, C an A-permissible center for B and vr : 
Wi — * W the blowing-up of W with center C, the sheaf / induces several 
important sheaves of O^y^ -ideals. Namely, we have: 

(i) /( = lOwi (^he total transform of / to Wi), 

(ii) Ji := S^^I'i, where S defines the exceptional divisor (the controlled trans- 
form of / to Wi), 

(iii) Ii := with a as large as possible (the proper transform of /.) 
(If C is not connected, the exponent a is constant along p~^{C'), for each 
connected component C of C, but not necessarily globally constant). 

4.6. Given a A-basic object B (as in [42]), the 4-tuple Bi := {Wi 

S, Ii,b, El) (where Ii is the controlled transform of / and Ei is defined 
as in 13. 5p is a new A-basic object, called the transform of the basic object 
B with center C (or at C). The process of replacing a basic object B by 
its transform Bi (with a permissible center C, as above) will be called the 
transformation of B with center C, indicated by i? ^ if C is clear. 
Sometimes we shall write 7{B, C) to denote the transform of B with center 
C. 

Using the statement at the end of I3.12[ one may verify that the trans- 
form of an S-basic object with a i?-permissible center over S induces (by 
taking fibers) the transform of the fiber B^^^ with center C^^^ := C fl W^^^ 

(notation as in I3.12p . Moreover, Ji = P^\. 

When A = k = a. field, the notions of 14.51 and 14.61 reduce themselves to 
those of O 

4.7. A permissible sequence of transformations over 5* is one of the form: 

(1) 5o < ^Br 

where each arrow Bi ^ -Bj+i stands for a transformation of basic objects, 
with a i?j-permissible center, say Ci G Wi = us{Bi). Note that, by taking 
fibers, such a sequence induces one: 

, ^ r(o) 

where the i-th arrow is the transformation with permissible center Cf^\ C 
us{Bf'^), where C^f^i is the restriction of to the fiber. The sequence 
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obtained from (1) by deleting -Bj+i, . . . , Br and the corresponding arrows is 
called the j -truncation of the sequence (1). 

The sequence (1) is called an equiresolution of the basic object Bq if 
^ing {Br) = 

4.8. W- equivalence. Let B = {W ^ S,I, b, E) and B' = {W ^ S, J, c, E') 
be basic objects {S = Spec(A), A as in 13. II) be basic objects over 5*. We shall 
say that they are pre- equivalent if the following conditions hold: (0) C G W 
is a ^-permissible center if and only if it is a ^'-permissible center, (1) If Bi 
(resp. B[) denotes the transform of B (resp. B') with center C, then Ci is 
a 5i-permissible center if and only if it is a B[ permissible center, consider 
the transforms with center Ci, (n) if we repeat this process n times {n 
any natural number), obtaining basic objects Bn and B'^ respectively, C„ is 
a i?„-permissible center if and only if it is a -B^-permissible center. 

We say that B and B' are W- equivalent if, in addition, the special fibers 
B^'^^ and B'^^^ are also pre-equivalent. 

In case where the base is a field, pre-equivalence is the same as equiv- 
alence. This notion is what in [28] is called equivalence. The notion of 
equivalence used in [11] requires a further condition, for that reason we use 
our terminology of W-equivalence. 

Example 4.9. Let B = {W ^ SJ,b,2,^) and B = {W ^ ^,/',6,2,0), 
where S = SpecA), A = k[e], k a field, = 0, W = Spec {A[x]), I = 
(x^ -f- ex), I' = {x^,ex). Then, the A-basic objects B and B' are pre- 
equivalent but not equivalent. 

5. Some resolution tools 

In this section we study, in the context of A-basic objects {A G A), 
some notions discussed in 12.71 (where we worked over a field). 

5.1. 0- and t-permissible centers. Consider a permissible sequence of A-basic 
objects 

(1) Bq ^ Bi ^ ■ • • ^ Br 
where -Bj+i = 7{Bi), Ci a i?j-permissible center, for all i. We want to define, 
recursively on the length r, the notion "(1) is an 0-permissible sequence, 
or an cu-sequence" (see 12.71 where A = k, a field). If r = 0, by definition 
(1) is always w-permissible. Assume we know, by induction, what is an u- 
permissible sequence when the length is r, and that this implies that the 
induced sequence of special fibers 

(2) i?f ^ ^ ■ ■ • ^ 

is such that each center C^^^ that was used satisfies Cj-^"* C Max(u;j) (i.e., is 
0-permissible). Given a sequence of length r + 1, we say it is 0-permissible if 
its r-truncation is so (then we have a function Ur with domain Sing(i?^'''*) : = 
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Sing(i?r). Let hrjh := maxifir)) and if the center Cr used to obtain -Br+i 
satisfies v{Ir-, Cr) = i^{Ir^\ = &r (wheie, e.g., demotes proper trans- 

form, see 14.51) . Then the induced sequence of fibers satisfies Cf^ C Max(u;j) 
for all 2, with notation as above. Given a 0-permissible sequence (1), each 
center Cj used in it is said to be 0-permissible for Bj. If (1) is an 0- 
permissible sequence, by the function 0j of (1) we mean the function 0j 
of the corresponding sequence of fibers. 

Now we study t-permissible sequences. Consider a sequence of A-basic 
objects and transformations (1), where we write Bj = (Wj — > S,Ij,b,E), 
for all j. We shall define, by induction on the length r, what it means that 
(1) is t-permissible. 

If r = (i.e. there is just one basic object), the sequence (reduced to 
one object) is t-permissible. 

Next assume the notion of t-permissible center is defined, by induction, 
if the sequence has length < r, in such a way that it induces a sequence 
of fibers which is t-permissible, in the sense of 12.81 We declare a sequence 
of length r + 1 t-permissible if the following conditions (a) and (b) hold: 
(a) the r-truncation of (1) is t-permissible . Hence by looking at fibers we 
have functions tj, z = 1, . . . , r satisfying max (tj) > max (tj+i), i = 0, . . . ,r. 
Let s be the smallest index such that max {0s) = max(0r). Let E~ consist 
of the hypersurfaces in Er which are strict transforms of those in Eg and 
(0, n) = max{tr). Then we demand: (b) any component C of the center 

Cr used to obtain -B^+i satisfies: z/(/r, C) = z/(Jr°'*, C*^°^) = br and for each 
closed point y E C, the number of hypersurfaces in E~ containing y is as 
equal to n. If (1) is a t-permissible sequence, each center Cj used in it is 
said to be t-permissible for Bj, and by the function tj of (1) we mean the 
function tj of the corresponding sequence of fibers. 

5.2. We shall consider, in the present situation, the analogue of certain 
numerical invariants introduced in ^26j (see also |27j , where it is proved that 
the algorithm is equivariant, or |TT], which is an exposition of these two 
papers). But we shall use, to simplify, a different notation. Consider a 
permissible sequence of A-basic objects and transformations as in (1) of I5.H 
which is also t-permissible. 

If C is any irreducible permissible center for Bj, j = 0, . . . r, we define 

0,{C):=u{I„C)/b, a,{C):=u{I„C)/b 

where we have used the notation of 13.61 and 14.51 . In [H] these numbers are 
denoted by w-ord and ord respectively. 

Proposition 5.3. With the notation and assumptions introduced in 15.^ 
let C be an irreducible permissible center for Br D[ its image by the natural 
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morphism Wr ^ Wi := us{Bi), assume D[ C d and let Di be the irreducible 
component of the center Ci containing D[, z = 0, . . . , r — 1. Then, 

Ur{C) = ar{C) - ar-i{Dr-i) cro(L'o) + r 

Proof. Note that if Bj = {Wj SJj,b,Ej), with Ej = {Hi, . . . , Hm+j), 
where Hi, ... , Hm are the strict transforms of the hypersurfaces in Eq, then 
we have an expression 

(1) i, = iiH^^ir...i{H^^,pT, 

where each exponent is constant on each irreducible component of H^. 
From this (for j = r), taking orders along C (see 13.61) we get: 

r 

u{Ir,C)=u{T„C)+Y,(^M 

i=i 

where y is the generic oint of C. Note that if yj is the image of y in Wj via 
the appropriate morphism, 

= ^iIj-i,Dj-i) -b 
From this , iterating, we obtain: 

r-l 

u{Tr, C) = C) - (Y, ^{h, A)) + rb 

1=0 

Dividing by b we obtain the desired formula. □ 

We shall discuss the notion of monomial objects (12.71 (ii) or [11], section 
5) in the context of basic objects over a ring A & A. 

5.4. Monomial objects. Using the notation of 12.71 (ii). let B = {W,I,b,E) 
(where E = [Hi, . . . , H^)) be a monomial object (with W a A;- variety, k a 
characteristic zero field). We define functions Fj, i = 1,2,3, with domain 
S := Sing (B), as follows. 

U w & S, Ti{w) is the smallest integer p such that there are indices 
ii, . . . ,ip such that 

(1) aji(w) H h aip(w) > & 

Consider, for w E S, the set P'{w) of sequences ii,...,ip satisfying (1) 
above, and let T2{w) be the maximum of the rational numbers (ai^(w) + 
h ai^{w))/b, for {ii, ...,ip)e P'{w). 

If w E S, let P{w) be the set of all sequences {ii, ... ,ip, 0,0, .. .) such 
that {ai-^{w) + - ■ ■ + ai^{w))/b = T2{w), and define F3(w) to be the maximum 
of the set P{w), when we use the lexicographical order. 

Finally, one defines a function F (or F^) from to Z x Q x Z'^ by the for- 
mula T{w) = (— Fi(w), F2(w), F3(w)). When the target is lexicographically 
ordered the function F is upper semicontinuous. 
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Let max (Fs) = (ii, . . . , ip, 0, 0, . . .) and take C = Hi^ fl • ■ ■ fl Hi^. Then, 
it turns out that C is a permissible center for the pair (PF, E) and that the 
transform Bi of B is again monomial, satisfying max {T Bi) < max (F^). 
Thus, iterating this process, after a finite number of steps we reach a situ- 
ation where the singular locus is empty. (See [IJJ, section 5 or [5], section 
20). 

Now consider A-basic objects B = (W ^ S, I ,b, E), E = {Hi, . . . , Hm) 
S = Spec (A) A ^ A. We shall say that such an object is premonomial if 
its closed fiber B^^^ is monomial. Let F := T^(o). We say that our A-basic 
object B is monomial if it is premonomial and, letting [ii, . . . , Zp, 0, 0, . . .) = 
max (F3), then C := ifj^ fl ■ ■ ■ fl Hi^ is a 5-permissible center. This is called 
the canonical center of the monomial A-basic object B. 

The following proposition is an easy consequence of the definitions. 

Proposition 5.5. Let B be a monomial A-basic object B, C := Hi^Cl- ■ -ClHi^ 

its canonical center. Let induce h[^^ on the special fiber B^^K Then, if 
Bi is the transform of B with center C , the closed fiber B^^^ is naturally 
isomorphic to the transform of B^^^ with center H^^^ fl ■ ■ ■ fl hI^\ and this 
is the canonical center of B'^^\ 

It immediately follows from the proposition that if B is monomial, with 
canonical center C, then the transform Bi of 5 at C is again premonomial. 

Definition 5.6. If i? is a basic object over A, we say that B admits a F- 
permissible center if: (a) B is monomial, (b) the transform Bi of B at the 
canonical center is again monomial. 

5.7. p-permissible sequences. A sequence _Bo ^ ■ ■ ■ ^ -Br of A-basic objects 
and transformations is called p-permissible if there is an integer s > such 
that: (a) Bq ^ ■ ■ ■ ^ Bg is t-permissible, (b) Bj is monomial if s < j and, 
for all such j, Bj ^ -Bj+i is the transformation with the canonical center of 
Bj. In particular, it could be s > r, in this case the sequence is t-permissible, 
or s = 0, in this case all the objects are monomial and the transformations 
have canonical centers. 

6. The inductive object 

6.1. Throughout this section, A denotes an artinian ring in A (13.11) and 5* = 
Spec {A). Given an A-basic object B = (W ^ S, I,b, E), E = {Hi, . . . , Hm), 
we say that an S'-hyper surf ace Z cW is transversal to E if for each closed 
point w in Z, there is an A-regular system of parameters ai, . . . , a„ of Ow,w 
such that I{Z)uj is defined by ai and for every H in E containing w, the 
ideal I{H)u, is defined by some a^, with i > 1. In particular, Z has normal 
crossings with E, in the sense of I3.4[ 
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6.2. Adapted and inductive hypersurfaces, nice objects. Given an A-basic 
object B = {W S, I, b, E) as above, we say that an S'-hypersurface Z <zW 
is adapted to B (or that Z is B-adapted) if the following conditions hold: 
(Al) I{Z) C A^~^{I/S) (an inclusion of sheaves of Ovy-ideals) , 

(A2) Z is transversal to E. 

If Z is adapted and, moreover, it satisfies 

(A3) Whenever D (resp. D') is an irreducible component of Z (resp. of 
V{A^-\I/S))) we have D D', 

then we say that Z is i?-inductive (or just inductive, if B is clear). 

In [11] the analogues of (Al) and (A2) are called (LC) and (lA), respec- 
tively. Condition (A3) does not follow from the others. For instance, if B is 
the basic object (Spec (C[a;, y], (y), 1, 0) and Z is the line V{y), then Z satis- 
fies (Al) and (A2) but D = Z is a component of both Z and V{A^~\I/S)). 
But if Sing(i?) has codimension at least two, then any 5-adapted hypersur- 
face is automatically inductive. 

We shall say that B (a basic object over A) is nice if either Sing(i?) 
is empty or B admits an adapted hypersurface. We say that B is nice at 
w & W if there is an open neighborhood U of w such that the restriction of 
B to U is nice; B is locally nice if B is nice at w, for any w G W. 

6.3. Remarks on hypersurfaces. We keep the previous assumptions and 
notation. Recall that, according to 13.21 and 13. IH if Z G W is a regular A- 
hypersurface and w E Z is a closed point, then the stalk I{Z)u, is generated 
by an element a G Ow,w which is part of an ^-regular system of parameters 
13. 3[ In particular, if oi, . . . , form an A-regular system of parameters of 
Ow,wi J '■= («i, • • • , Orf) and a G J, then the order of the generator a with 
respect to J is =1. 

Now assume that the regular hypersurface Z also satisfies (Al), i.e., 
I{Z) C A(^-i) := A^-^{I/S). Then, if w G Z, the generator a G I{Z)^ 
defining Z near w belongs to the stalk [A^^-^)]^. If C is a B-permissible 
center, then by (Al) and 13.101 necessarily C C Z. If w E C, then J := 
I{C)w is generated by part of an A-regular system of parameters. Since 
C ^ Z , a E J and hence the order of a with respect to J is 1. Thus we see 
that [A'^^~^)]^„ contains an element which is part of an A-regular system of 
parameters. 

Conversely, if w & W and [A^^^^^]^ contains an element a which is part 
of an A-regular system of parameters, then a defines, near w, an A-regular 
hypersurface satisfying condition (Al). 

Lemma 6.4. // B is nice basic object over A, then its fiber B^'^^ is also a 
nice basic object (over the residue field of A). 

The proof is simple and will be omitted. 
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6.5. If 5 is a nice object and C C is an irreducible S-permissible center, 
with generic point ?/, then i^(C, /) = b. To see this, it suffices to show that 
if w is a closed point of Singi?, then the stalk [A^^^^-'Ju, contains contains an 
element which is part of an A-regular system of parameters. But if Z is any 
adapted hypersurface, from condition (Al) and the inclusion A^~^(//S') C 
/(C) we obtain I{Z) C I{C). From this, our assertion follows from [631 
taking J = I{C)y. 

6.6. Recall that if i? = {W, I, b, E) is a basic object over a field, then it is 
called good if z/^(/) = b for any w G Sing(i?) (see [llj ). Working over A 
artinian, we shall say that an A-basic object B is good if its special fiber B^^^ 
is good, in the sense just mentioned. The result of 16.51 says that, working 
over a field, a nice object is good. Since the fiber of a nice A-object is a 
nice fc-object {k being the residue field of A), the same is true working with 
^-basic objects. 

Remark 6.7. Given a good A-basic object B = (W S, I, b,E), a closed 
subscheme C of W which is a center for the pair {W S, E) (see 13.51) 
is also a 5-permissible center if and only if A''~^{I/S) C /(C). In other 
words, the extra condition iy(I,C') = z/(/''°\ C-^-*), for any component C 
of C, automatically follows. Indeed, one implication is clear, for the other 
note that from the inclusion and the assumption that B is good we get 
b < 1^(1, C) < C'^^^) = b, hence all of these are equalities. 

6.8. The notion of adapted hypersurface is stable under permissible trans- 
formation, in the sense that if /? <— /?i = [Wi S, Ii,b, Ei) is a transfor- 
mation along a /^-permissible center C and Zi is the strict transform of Z 
to Wi, then Zi is an adapted hypersurface for Bi. The stability of condition 
(Al) follows from Lemma [6.101 below (Giraud's Lemma), part (b), and that 
of (A2) is well known. Lemma 16.101 follows from Lemma 16.91 to be given 
next. The proofs of both lemmas are entirely analogous to those given in 9.1 
and 9.2 of pjj, and will be omitted. Indeed, thanks to the remarks in 13. 8[ 
the necessary calculations in completions of rings (discussed in [11], section 
9) can be carried out in our case. 

Lemma 6.9. Using the notation of \ 6. M let B ^ Bi be a permissible trans- 
formation of A-basic objects, H C Wi the exceptional divisor, with defining 
ideal I (H). Then, 

(i) A^-\i/s)Ow, c /(//)^ 

(ii) I{H)-'A''\l/S)Ow, C A'-^h/S). 

Lemma 6.10. Consider an A-basic object B = [W — *■ S,J,b,E), an A- 
adapted hypersurface Z C W , an irreducible B -permissible center C d Z 
and Bi = (Wi S, Ji,b,Ei), the transform of B with center C . Let B' = 
{W ^ S,I{Z),1,E). Then : 
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(a) C is a B' -permissible center, and if B[ = (Wi S,I{Z)i, l,Ei) is 
the the transform of B' with center C, then I{Z)i = I{Zi), where Zi is the 
strict transform of Z to Wi , 

(h) I{Z,)c/S}'-\J,/S). 

6.11. The coefficient ideal and the object Bz- We use the notation of 16.11 
Let 5 be a nice A-basic object and Z a S-inductive hypersurface. 

(a) We define a sheaf of Opiz-ideals, called the coefficient ideal and de- 
noted by C(//5'), as follows: 

6-1 

Q{I/S) := ^ [A'X//5)]''/'-' 

i=0 

Often, when A is a field we'll simply write C(/). If B is nice and Z a. B- 
inductive hypersurface, we define a sheaf of ideals on Z, called the coefficient 
ideal relative to Z, or the Z-coefficient ideal, denoted by G{I/S,Z), as the 
restriction of G{I / S) to Z. 

(b) The A-basic object Bz := {Z S,G{I /S, Z),b\, Ez), where we 
write Ez ■= {Hi HZ,..., n Z) is called the inductive object of B, rela- 
tive to the inductive hypersurface Z. Indeed, this is an A-basic object. The 
fact that Ez is a system of A-hypersurfaces with normal crossings follows 
from (A2); what is left is to check that Q{I/S,Z) is a never zero sheaf of 
ideals, and this follows from (A3). 

6.12. Condition (A3) is important. For instance, if the basic object is B = 
(Spec (C[x, y], (y^), 2, 0) and Z is the line V{y), then C((?/^)) restricts the 
zero sheaf of ideals on Z. So, Z is not a 5-inductive hypersurface. 

But, as remarked in 16. 2[ if Sing(i?) has codimension at least two, any 
S-adapted hypersurface is automatically inductive, so for any _B-adapted 
hypersurface the inductive object is defined. We shall use this observation 
several times, for instance in sections 19.71 and 19. 8[ 

It is well known that the object Bz is not necessarily nice, even if the 
base ring A is a field k. 

6.13. In case we are working over a field k (characteristic zero), if B = 
{W, J, b, E) is a nice basic object and Z an inductive hypersurface, it is 
proved in [llj that the object Bz has the following properties: 

(i) Sing(5) = Sing{Bz)- From this it follows that a subscheme C of W 
is a 5-permissible center if and only if C is a 5^-permissible center. 

(ii) If i? ^ i?i is a permissible transformation, by (i) using the same 
center we obtain a permissible transformation Bz <— {Bz)i- By 16.81 the 
strict transform Zi of Z to Bi is an inductive hypersurface of Bi. Al- 
though we cannot prove that (-Bi)zi is isomorphic to {Bz)i, it is true that 
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Smg{{Bi) zj = Smg{{Bz)i)- We may repeat the process, taking a trans- 
formation of Bi with a permissible center Ci (which will also be {Bz)\- 
permissible.) After iterating k times we get (in obvious notation): 

(1) Sing((i?,)^J = Sing((5^),) 

The analog of (i) in the context of basic objects over an artinian ring A would 
be the assertion: if i? is a nice A-basic object and Z is a 5-inductive hyper- 
surface, then a center C is 5-permissible if and only if it is i^^-permissible. 
More precisely, if C is a permissible center for Bz-, then by (A2) C will 
be a permissible center for the pair {W S,E) (see 13.51) . But, will it be 
^-permissible (i.e., will u{I,C) = z/(/(°),CW) > b hold?) Conversely, if C 
is a 5-permissible center, then by (Al) it will be permissible for the pair 
{Z — > S,Ez)- But, will it be S^-permissible? 

The answer to both questions is negative. Next we present examples. 

Example 6.14. (Showing that C is ^-permissible does not imply C is Bz- 
permissible). Let B = {W ^ 5', 1,2,0) where S = Spec (A), A = k[e], k a 
field, e"^ = 0,W = Spec{A[x, z]), I = [z"^ + ex^, z^ + x^). Then, A\I/S) = 
{z, ex, x^) and one easily checks that Z, defined by the ideal (z) A[x, z] is a 
5-inductive hypersurface, and Bz = {Spec{A[x]) — >• Spec(A), (ex^, x^), 2, 0). 
Then we see that C C W, defined by the ideal {x, z) is a 5-permissible 
center but not a i^^-permissible center. 

Example 6.15. (Showing that C is i^^-permissible does not imply C is 
5-permissible). Let A and W —>■ S he a.s in Example 16.141 B = {W — > 
5,1,4,0), where / = (x^ + ex"^ z + 2;^). Then one verifies that Z, the 
subscheme of W defined by (z)y4[a;,2;] is a 5-inductive hypersurface, and 
Bz = (Spec(A[a;]) ^ Spec(yl), (x3O),24,0). The subscheme C of Z, defined 
by (a;)y4[a;] on Z and by {x, z) on W , is a ^^-permissible center but not a 
S-permissible one. 

Definition 6.16. We use the notation of 16. Ill A closed subscheme C of 
Z is a strongly permissible center for Bz (or a strong Bz -center) if it is a 
permissible center for both Bz and B. 

6.17. We extend this notion to sequences as follows. Let i? be a nice 5- 
basic object, Z a 5-inductive hypersurface. We use the notation of 16.111 A 
permissible sequence of S-basic objects: 

(1) Bz:={Bz)o^{Bz)i< ^ {BzU 

(with centers Cj C us{{Bz)i), z = 0, . . . m — 1) is said to be strongly permis- 
sible if: Co is a strongly permissible (-B2)o-center (hence, Cq is a 5-center 
and if Bi := T(-B,Co), us{{Bz)i) may be identified, to the strict transform 
Zi of Z to us{Bi), and Ci to a closed subscheme of us{Bi)), Ci is a Bi- 
permissible center; if B2 := T(-Bi,Ci), with similar identifications C2 is a 



26 



AUGUSTO MOBILE 



permissible i?2-center, and so on. So, eventually, with these identifications, 
Ci must be a Bi center, z = 0, . . . , m — 1. 

Thus, the strongly permissible sequence (1) induces a permissible se- 
quence of S'-basic objects 

(2) B ^ Bi ^ ■ ■ ■ ^ Bm 

using the same centers Ci as in (1). 

When A = k = a. field, according to 16.131 a center is permissible if and 
only if it is strongly permissible. 

7. The homogenized ideal and applications 

In this section we present, adapted to our needs, some notions and re- 
sults due to Wlodarzcyck (cf . [28] , where one works over a field) . Through- 
out, S = Spec (A), A E A, as in 13.11 

Definition 7.1. Given a scheme W, a weighted W -ideal is a pair {I,b), 
where / C Ow is VT-ideal and 6 is a non-negative integer. Often, if W is 
clear, we'll talk about a weighted ideal. 

Definition 7.2. Let (/, b) be a weighted VT-ideal, where W is a. scheme, 
smooth over S. The homogenized ideal, relative to S , associated to (/, b) is 
the the W-idea\ n{I/S, b) = I + A{I/S)T{I/S) + ■■■ + A' {I / S)T {I / S)' + 
■■■ + A''-\I/S)T{I/Sf-\ where we have written T{I/S) := A^-\I/S). 
li B = (W — i> S,I,b,E) is a A-basic object, we use the notation 'H{B) : = 
{W S, n{I/S, b), b, E) (a new A-basic object). 

Note that passing to the fiber we obtain, in the usual notation, 7i{l'^^\ b) = 

n{i/s, 6)(o). 

Lemma 7.3. // (/, b) is a weighted ideal on an S-smooth scheme W , then 
A''-\I/S) = A''-\n{I/S,b)) 

The proof is elementary and we leave it to the reader. 

Proposition 7.4. If B = {W S,I,b,E) is a good A-basic object (see 
\5.4^ , then 'H{B) is W- equivalent to B . 

Proof. By Remark 16.71 and Lemma 17.31 a center C is ^-permissible if and 
only if it is 7i(/)-permissible. By induction, by the same reason it suffices 

to show that, for all r > 0, if 5 ^ 5i < ^ Br and n{B) ^ [n{B)]i ^ 

■ ■ ■ [H{B)]r are permissible sequences of basic objects and transforma- 
tions, where in both cases the same permissible centers have been used, 
then 

(1) A'-\lrlS) = A'-\[H{IISMr) 

(where H{I/S,b)^ is the ideal in the basic object T-C{B)r). To simplify, 
sometimes we'll drop "6", writing, e.g., TC{I/S,b) = Ti^I/S). 
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First we shall check that 

(2) m/S)]r C n{Ir/S) 

To see this, consider [n{I / S]r-i = U-i + Y!'i=l ^\Ir-i/ S)T {I ^-i/ S)' . The 
controlled transform of this ideal to Wr is 

[n{I/S)]r = Ir + Y,[^'iIr-l/S)T{Ir-JS)%. 

i=l 

But, letting H be the exceptional divisor of the blowing up Wr-i ^ Wr 
and S := I{H), [A'{Ir-i/ S)T{Ir-i/ S% = S-^^-'^A^{I/S)[S-^T{I/S)Y C 
A\Ir/S)[T{Ir/S)]\ the last inclusion by EH From this (2) clearly follows. 
So, we have inclusions Ir C T-[{I/S, b)r C T-[{Ir/S, h). Applying the operator 
A**"^ to each of these and using [7[3] we see that the resulting first and third 
terms are equal, hence we obtain (1). □ 

We shall need the following basic result. 

Proposition 7.5. Let B = {W —>■ S, I, b, E) he an A-basic object, y a point 
of W , R = Ow,y, ai, . . . , Or an A-regular system of parameters of R, M = 
r(A) and J = 

MR + (tti, . . . , ar)R. Then, J is the maximal ideal of R. 

Proof. Let J' := max(i?). We have J C J'. To see that equality holds, 
letting R' denote the completion of R with respect to J, and using the fact 
that R' is a fiat i?-algebra, it suffices to show that JR = J'R' . Now, we have 
the following identifications: R'/JR! = {R'/MR')/{ai, . . . ,ar){R'/MR') = 

{R/MR)/{ai, . . . , ar){R/MR) = fR(o)j/maxfR(o)j, where the hat indicates 
completion with respect to the maximal ideal. The last equality holds be- 
cause Oi, . . . , induces a regular system of parameters in the regular local 
ring R^^^ = O-^W y, in particular it generates the maximal ideal of R^^\ So, 
R' / JR' is a field, hence JR' must be equal to the maximal ideal J'R', as 
claimed. □ 

Proposition 7.6. With the notation of the previous proposition, letting R 
denote the completion of R with respect to its maximal ideal and R' the 
completion with respect to ( )R, we have R' = R. 

Proof. Using the fact that A is artinian and hence a power of its maximal 
ideal M is equal to zero, it is easy to verify that there is a positive integer s 
such that for all sufficiently large integers t we have ^ J^ ^ Q*~*7 where 
Q = (oi, . . . , ar)R and J = MR + (oi, . . . , ar)R = r{R) (use 17.51) . It is well 
known that these inclusions imply that the topologies defined by Q and J 
are the same, whence the claimed equality of completions. □ 

Proposition 7.7. Let B, the point y & W and R = Ow,y be as in \7.5[ let 

both u, U2, . . . ,Un and v, U2, . . . ,Un be A-regular systems of parameters of R, 
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R the completion of R with respect to its maximal ideal M. . Then, there is 
an A-linear automorphism cj) of R such that 4>{u) = v and (j){ui) = Ui for 
i = 2, . . . ,n and, moreover, such that if h = u — v and p : R ^ R/ (h) is the 
canonical quotient homomorphism, then p cj) = p. 

Proof. Consider the completion R* of R with respect to the ideal generated 
by (u, U2, . . . , Un)- We know: (i) R* = A'[[u, U2, ■ ■ ■ , Un]], for a suitable over- 
ring A' of A (see 13. 8l or 111.61) . (ii) R* = R (see 17. 6[ ) Using the identification 
(ii), to prove the proposition it suffices to define an automorphism of R* 
satisfying the required properties. Define by the conditions: 0(a) = a 
for a G A', (j){u) = v and (p{uj) = Uj, j = 2, . . . ,n. This is correct, since 
V , regarded as an element of R*, must be of the form v = m + a, with 
m e MR* (M = r{A)), a G {u,U2, ■ ■ . ,Un)R* , and = for s large 
enough. Modulo MR*, this induces a homomorphism of rings of formal 
power series K[[u, U2, ■ ■ ■ , — > K[[v, U2, ■ ■ ■ , Un]] (with K a field), which 
clearly is an isomorphism. By the "nilpotent" Nakayama's Lemma, must 
be an isomorphism. The statement about the quotient map p follows from 
the fact that u — (j){u) = h. □ 



Proposition 7.8. Keep the assumptions and notation of 1.1, but also as- 



sume that u G T{I/S)y and v G T{I/S)y. Then, the automorphism 
satisfies: (j){n{I/S)R) = n{I/S)R. 

Proof. Above, we wrote 0.(1/ S)R := H{I / S)yR. Recall the definitions in 

\7.7\ we identify R with R* := A'[[u,U2, ■ ■ ■ , Un]], then cj) : R* ^ R* is defined 
by: 0('u) = V, (l){ui) = Ui, for i = 2, . . . , n, 0(a) = a for a G A'. Thus, for 
f{u,U2, ...,Un)e R*, 

(With this set-up, what follows imitates the proof of [2S], Lemma 2.9.4). To 
check the desired equality, since is an automorphism of a noetherian ring, 
it suffices to show: ^{n{I/S)R*) C n{I / S)R* . 

To check the latter inclusion, in view of the definition of 1-L{I / S) in \1.2\ 
it suffices to show: 0(A^(//5)[T(J/5)]^i?* C n{I/S)R*, j = 0, . . . ,6 - 1, 
where as in 17.21 we have written T[I/S) = A'^'^ll/S). It is easy to verify 
that this inclusion follows if we can prove the following assertions: (a^) : 
0(A^(//5)i?*) C n{A^{I/S)R*), J = 0,...,6-l, (6) : 0(T(//5)i?*) C 
Ti.{I / S)R* . Now, (ao) is a consequence of formula (1) above. Since this 
is valid for any ideal /, we may substitute (in (ao)) / by A-'(//5'), and we 
obtain (a^), for all j. Concerning (6), if G T{I/S)y, by (1) (with f = g) 
and the fact that h = u-v e T{I/S) (hence h' G [T{I/S)yY for all i), it 
follows that 0(5') G T{I/S), as desired. □ 
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Let US recall some terminology and notation to be used in the next 
theorem. Given a scheme W and a point w G W, an etale neighborhod 
of y in W consists of a scheme V, a point v & V and an etale morphism 
71 : V ^ W such that 7i{v) = w. We use the notation vr : (y,v) — > (W,w) 
to indicate this etale neighborhood. To shrink the etale neighborhood vr 
means to take the composition of vr vr' of vr with another etale neighborhood 
vr' : (y', v') — * (V, v). If / and g are morphisms from a scheme V" to a scheme 
and y is a closed subscheme of W, we say that / and g agree over Y if 
f~^{Y) = g^^{Y) := Y' and fj = gj, where j : Y' V is the inclusion. 

If -B = {p : W S,I,b, E) is an S'-basic object, f : V ^ W an 
etale morphism, f*{B) denotes the S'-basic object (V, f*{I), b, f*{E)), where 
/*(/) := lOv and f*{E) is the sequence of inverse images by / of the 
hypersurfaces that appear in E. 

Theorem 7.9. Let B = [W S, I, b, E) be a nice basic object, Z and 
Z' adapted hypersurfaces, y G Z n Z' . Let Z (resp. Z' ) be defined by 
u G T{W,Ow) (resp. v G T{W,Ow)) and J = n{I/S). Then, there are 
etale neighborhoods tTu : {V,z) {W,y) and vr^, : {V,z) — > {W,y) such that: 
(a) n*{J) = 7r*(J) , (b) n*{u) = vr*(t>), (c) if H is any hypersurface in E, 
then vr^^(i/) = iT^^iH) (hence, 7r*(_E) = 7r*(£') ). (d) 7r„ = vr^ over V{u - v) 

Proof. Since W is of finite type over A, we may find an affine open neigh- 
borhood of still denoted by W ., of the form Spec (D), where D = A[x]/K, 
with X = (xi, . . . , Xm) {xi, . . . ,Xm algebraically independent over A) and K 
and ideal of v4[x], say generated by G v4[x], i = 1, . . . , r. The point y cor- 
responds to a prime ideal P of D, so we may identify R = Ow,y = Dp. More- 
over, shrinking W , if necessary, we may assume that: (i) J R = {gi, . . . , gt)R, 
where gj G ^[x], for all j, (ii) there are elements U2, ■ ■ ■ ,Un in R such that 
both u,U2, ■ . ■ ,Un and v,U2, ■ ■ ■ ,Un are A-regular systems of parameters of 
R, where each hypersurface H in E containing y is defined at y by some 
Ui, i > 1 and, moreover, u and Uj, j = 2, . . . ,n are images in i? = Dp of 
polynomials (in A[x]) g(x) and ^^(x), j = 2, . . . ,n respectively. 
Now, we have natural homomorphisms 

A[x] ^ A[x]/K (A[x]/ir)p = R^R 

where R denotes the completion of R with respect to its maximal ideal. Let 
: A[s] ^ Rhe the composition of these homomorphisms, and the image 
of Xj G A[x] in R, i = 1, . . . ,m. The fact that ip factors through K means: 

(1) /i(ai, ...,am) = 0, i = l,...,r 

Now consider the automorphism (of R) associated to u,v,U2, ■ ■ ■ as 
in 17.71 and the composition 0?/' : y4[x] — > i?. Since is A-linear and the 
coefficients of g(x) are in A, the fact that (f){u) = v means: 

(2) g(ai, . . . ,a,rn) = V e R 
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For the same reasons, the fact that (f){ui) = Ui, i = 2, . . . ,n, means 

(3) qi{ai, . . . ,am) = Ui e R, i = 2,.. .,n 

Let J R he generated by elements hi, . . . ,hp in R. Then, as above, from 
(j){JR) = JR we obtain: 

(4) gj = Cjihi^ , Cjp hp, j = l,...,t 

for suitable elements Cji e R. 

We may view (1) through (4) as polynomial equations with coefficients 
in R in unknowns {Ak} and {Cji}, which have a solution {ak} and {cji} in R. 
By Artin's approximation Lemma (see [2] 1.10, note that since A is a finite 
dimensional vector space over k = A/r{A), the hypothesis are valid) for any 
positive integer s we find solutions {bk}, {dji} in R, the henselization of R 
with respect to its maximal ideal. Choose s > 2. By sending Xj to 6j G i? C 
R, i = 1, . . . ,m, we obtain an A-linear homomorphism a' : y4[x] R G R, 
which induces a homomorphism a : A[x\/K —>■ R and, localizing at P and 
completing, another (p' : R ^ R. By our choice s > 2, cf)' agrees with the 
isomorphism modulo N"^ {M = r{R). Hence, 0' is also an automorphism 
of R, satisfying 4>'{u) = v and (p'{ui) = Ui, i = 1, . . . ,n. 

Returning to a : D R, from the definition of henselization (involving 
a limit of etale neighborhoods) for some etale neighborhood tt^, : {V, z) — > 
{W,y) there is an induced morphism a : V —>■ W such that a{z) = y. If 
we consider the induced homomorphism Ow,y — ^ C)v,z, by our construction 
this may be identified to the isomorphism (p' : R ^ R. Thus, a is etale 
at z. Hence, shrinking V if necessary, a defines an etale neighborhood 
7iu '■ {V,z) —>■ {W,y). Shrinking again this neighborhood if necessary, by 
using rm we see 7r„ and satisfy properties (a) through (d). □ 

7.10. Theorem 17.91 can be extended to sequences of permissible transfor- 
mations of y4-basic objects as follows. Suppose we are in the conditions of 
I7.9[ We retain the notation of that theorem, but we also write Bq := {W 
S, J,h,E) (recall J = Ti^I/S)). Take a i?o-permissible center C. Since C C 
V{u-v), byESKd) ■K-\C) = 7r-\C)_= C CV.Let us write_7 := <(J) = 
7r*(J) (the equality by EH (a)), and Bq = {V, J, b, E), where E := <(E) = 
7i*{E). Since 7r„ and are etale, we have that both 7i*{A'^~^ {J / S)) and 
KiA'~'iJ/S)) agree with A'-\J/S), i.e, KiA'-\J / S))_= KiA'-'iJ/S)) 
= A^^^{J/S). Now we may easily check that C is a 5-permissible cen- 
ter. We transform B and B with centers C and C respectively, getting 
B ^ Bi = {Wi^ S, Ji, b. El) and Bo^Bi = (Wi,Ji, b,Ei) respectively. 
By Proposition 111.71 both the pull-backs oi tIu '■ V ^ W and 71^ : V ^ W 
via W Wi (the blowing-up of W with center C) may be identified to the 
blowing-up Vi of V with center C. Hence we get etale morphisms 7ri„, tti^ 
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from Vi to Wi induced by 7r„ and vr^ respectively. Notice that again, by the 
etaleness, both 7rJ'^(Ji) and vrJ'^(Ji) may be identified to Ji, hence they are 
equaL Similarly, if ui (resp. fi) define the strict transform of Z (resp. Z') 
to Wi, then 7il^{ui) = vrj'^(fi) = Ui, where Ui is the proper transform of u 
to Vi. Note that (by I6.8P these hypersurfaces are again adapted. 

A formal argument with cartesian (i.e., fiber product) squares shows 
that TTiu = TTiv over V{ui — v\) (in the sense explained after the statement 
of I7.9P and moreover, if we choose a point y\ G W\ lying over := then 
there is a point Z\ e V\ lying over such that 7r„i(2;i) = 'K^xizx) = yi. 

Now the procedure may be iterated: if Ci is a permissible Si-center, 
then T^iuiCi) = vr|fJ(Ci) := Ci and this is a permissible center for Bi, we 
take the transforms of Bi and Bi with centers Ci and Ci respectively, and 
proceed as before. Iterating, we obtain the following result: 

Theorem 7.11. Let 

(1) Bq ^ Bi ^ ■ ■ ■ ^ Br 

he a permissible sequence of A-basic objects and transformations, where Bq 
is the homogenized basic object associated to a nice basic object B = {W 
S,I,b,E), we write Bi = (Wi S,Ji,b,Ei) (so, Jo = Hil/S), Wq = W), 
Pi : Wi ^ Wi-i the corresponding blowing-up morphism, i = 1, . . . ,r . Let Z 
and Z' be B-adapted hypersurfaces, defined by elements u, v of T{W, Ow) 
respectively, yo & Z ClZ' a point ofW. Then there are a permissible sequence 
of A-basic objects and transformations Bq ^ Bi ^ ■ ■ ■ ^ Br (we write 
Bi = {Vi —>■ S, Ji, b, Ei), Qi denotes the i-th blowing-up morphism Vi Vi^i), 
and for each i etale morphisms TCiu and TTi^ from Vi to Wi such that: 
(V <u{Bi) =^i = Ko{Bi), m particular 7i*^{Ji) = 7r*,(Ji) 
(a) TCiuiui) = 7r*,(fj), where Ui and Vi denote the strict transforms of u 
and V to Wi, respectively. 

(Hi) T^iu = TTiv over V{ui - Vi) 

(iv) for all i, 7r~"^(Cj) = Tc^JiCi) and this is the center of the i-th trans- 
formation Bi <— Bi^i 

(v) for all i, the squares 



Vi-1 ^ 


V 


V-i ^ V 










w. 


Wi_r ^ Wi 



are cartesian. 

(vi) If yi G Wi is such that Pi{yi) = Vi-i, i = 1, . . . , r, then there are 
points Zi eVi, i = 1, . . . ,r, such that 7iui{zi) = 7ivi{zi) = yi and qi{zi) = Zi^i, 
C. Moreover, if zq, . . . , Zr-\ as above are given, then we can find Zr & Vr, 

lying over Zr-l such that 7lur{Zr) = TlyriZr) = yr 0,nd qr{Zr) = Zr-l 
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7.12. Next we discuss a version of l7.11l relative to inductive objects. In it, we 
use the following notation and assumptions. Let Bq = {Wq S, Jq, b, Eq) 
be as in 17.111 i.e., the homogenized A-basic object associated to a nice 
basic object B = (Wq S, I, b,E), Z and Z' be S- inductive hypersurfaces, 
defined by elements u, v of T(Wq,Owo) respectively. Let Cq C Z n Z' he 
a strongly permissible center for both B*o := (-Bo)z and B'*o := (i?o)z'- 
Hence, writing Bq := B, Cq is also a 5o-permissible center. Consider 5* = 
7{B*,Co), B'* = 7{B'*,Co) and B^ = T(5o,Co)- By ESI we may identify 
us{Bl) and us{B'^) with the strict transforms Zi and Z[ of Zq := Z and 
Z'q := Z' to Wi = us{Bi) (via the blowing-up Wi — > W with center Cq) 
respectively; again Zi and Z[ will be i?i-inductive hypersurfaces. Let Ci C 
ZiPiZ[ be a permissible center simultaneously for B^, B'^ and Bi. Transform 
these objects with center Ci, obtaining A-basic objects B2 and B2 
respectively. Again by 16.81 we may identify us(i?2) = Z2, us^B!^) = Z2, 
where Z2 and Z2 are the strict transforms of Zi and Z[ to W2 = us{B2), 
and so on. We assume this can be repeated, eventually obtaining strongly 
permissible sequences of A-basic objects fl6.17p : 

(1) {Bo)z = B*o< ^ B*r 

and 

(2) {Bo)z = B'\ < ^ B'\ 

where in each case we have used (in the sense just explained) the same 
centers Ci d ZiH Z[, where Zi = us{B*i), Z[ = us{B'*i), i = 0, . . . , r — 1, as 
well as one: 

(3) Bq ^ ■ ■ • ^ Br 
where the center of Bi <— -Bj+i is again Ci. Since, for all z, Zi and Z[ are 
i?j-inductive hypersurfaces in Wi, it makes sense to take a point y E ZiD Z[. 
We still denote by pj the morphisms Zi — > and Z[ — >• Z[_^ induced by 
Pi : Wi ^ Wi-i of 17.111 Let iTi : Yi Zi and ir'i : Yi Z[ be the morphisms 
induced by vr^ j and tt^ j respectively, z = 0, . . . , r. Then we have: 



Theorem 7.13. The hypotheses and notation are those of \7.11\ and \7.12 



so we have the sequences (1), (2), (3) there introduced. Then, there is a 
permissible sequence of A-basic objects and transformations Bq ^ ■ ■ ■ <— B^ 
(we write Bi = (Yi —> S, Ji,b\, Ei) , q*^ : Yi —>■ Yi^i the induced morphism, 
for all i), and for each i etale morphisms Hi : Yi Zi, : Yi Z[, such 
that ni*{B*i) = Bi = n'*{B'*i) and the squares 



Ittj-i In, Ik-i Ik 

Pi ry ryl '7[ 



Zji-\ ^ Zji Z'._^ ^ Zj- 

are cartesian. 

Moreover, if yi E ZiH Z- is such that Pi{yi) = yi-i, i = 1, . . . ,r and Zi G Yi, 
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i = 1, ... ,r — 1 is such that ni^Zi) = rr^Zi) = yi and q*i{zi) = Zi^i, then 
there is a point Zr € K; such that q*{zr) = Zr-i and rc^lzr) = rc'rizr) = Ur- 

Proof. Let Yq := 7ru o^^(^o) = '^v,o^^iZQ). Then, the induced morphisms ttq : 
Yq Zo and ttq : Fq ^ Zq are etale. From this fact, no*{B*o) = ti'q{B'*q) = 
Bqyo and Co is a strongly permissible center for the inductive object -Boyo- 
Let (A)Yo)i := '^(B^Yo^Co) (1611] (b)). Then, using the notation of ITTOl 
Yi := us{{BoYo)i) be identified to the hypersurface of Vi defined by u 
and Ci to a closed subscheme of Yi. The induced morphisms tti : Fi — > Zi 
and tt[ : Yi Z[ are again etale, which implies that 7ri*{B*i) = 7i[*{B'*i) = 
{BoYo)i and Ci is a permissible center for both (i?oy(,)i and Bi. Continuing 
in this way, we get a permissible sequence of A-basic objects 

obtained by using the centers Ci, i = 0, . . . , r — 1 of 17. Hi Let Yi := 
us{{BoY^)i), i = 0, . . .r. Then Hi : Yi ^ Zi and vr'j : Yi Z[ (the morphisms 
induced by 7r„,i and i^v^i)-, respectively) are etale, and T\i*{B*i) = (-Bj)y^ = 
7r'*{B'*i), for all i = 1, ...,r. The other assertions are consequences of 

Em □ 

8. The associated locally nice object 

In this section we discuss how to associate to a basic object B over an 
artinian local ring A E A, locally, a nice object B", extending the results 
of 12.91 (7). The presentation follows that of [H], where one works over a 
base field. In particular, the construction of B" is done via an intermediate 
object B', which has some but not all the desired properties. Since the 
discussion in [TT] is rather sketchy, and some changes are necessary in the 
present context, we provide some details. 

Throughout this section, A G ^ is an artinian ring as in 13.11 5* = 
Spec (A). Given an A-basic object B = {W — > S,I,b,E), to say "C is a 
center of B" means: C is a center for the underlying pair {W —>■ S,E), see 
13. 5[ (To be a i?-center is stronger, see 14.21) . 

We shall use the notation and results of 12.71 and 15.11 about the functions 
Ur and tr- 

Definition 8.1. Consider a 0-permissible A -sequence Bq < — ■ ■ ■ < — B^, let 

max(0,.) = br/b. We associate to B,. = (Wr S,Ir,b,Er) the following ba- 
sic object B'^. There are two cases: 

(a) br>b . We define B'^ = {Wr S, Z, Er) (see |43] for X), 
(/?) br < b. In the notation of Proposition 15. 3[ let Er = {Hi, . . . , Hm+r) 
(where Hi, ... , Hm are the strict transforms of the hypersurfaces that ap- 
pear in Eo), Cr = I{Hra+lY' • . . I {Hm+rT"- ] WC SCt B'^ = {Wr ^ S,Z'"'''' + 
C^\br{b-br),Er). 
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Proposition 8.2. With notation and assumptions as in \8.1\ the A-basic 
object B'r = (Wj. S, Jr, b', E^) has the following properties: 

(a) = (5f )' 

(b) A center C C Wr is 0-permissible / (5. 1\) if and only if it is B'^-permissible. 

(c) For every B'^-center C, z/(J, C) = u(J^'^\ C^'^^) = V , where b' is the index 
ofB',. 

(d) Let C C Wr be a center which is 0-permissible (or B'^-permissible, by 
(b) it is the same.) Consider the transformations B[. ^ (-8^)1 '^'^'^ ^ 
Br+i with center C, and the associated object B[.^^. Assume max(0r) = 
max(0r+i). Then, {B[)i = B[.j^^ 

Proof, (a) This readily follows from the definitions. 

(b) From fTT] (or by direct verification, which is easy) we have: 

(1) u0'\c^'y) = br 

Thus, to prove (b) we have to show: for a center C, i>{Ir,C) = v{Ir,C) > 
br u{Jr^C) = pi^Jr^C) > V . In casc (a), Jr = Ir, so the equivalence 
is obvious (and the > symbols are equalities). So, consider case (/?), where 
J, = {Trf-^^ + and b' = br{b- br). 

Check the implication =^ first. By our assumption and (1), we have 

v{Ir ' , C) = u{lr ,C*-°^) = br{b — br). On the other hand, since our 

sequence of A-basic objects of 18.11 is permissible, v{Cr,C) = i'{Ci^\c''^^) = 
b ~ br (the exponents the same over A or at the level of the special 

fiber). Then i/(C^,C) = z/((d°Y% C'^^^) = br{b-br) and the implication ^ 
follows. 

Now we check the implication <^=. First, we claim that v{Ir.,C) = 

z/(7;^°\c(°)) = br. We always have u{Tr,C) < u{Tr^'^\c^^^) = br. To 
check that the sign < cannot hold, we may assume C is irreducible, with 
generic point y, and we work in the ring R, the completion of Ow,y with 
respect to (oi, . . . , a^), an A-regular system of parameters which generates 
the ideal I{C)y. We know R = A'[[ai, . . . , a^]] (a power series ring), where 
A' is an appropriate local A-algebra. By (1), we may find in IrR a series 
h = Mo + - ■ ■-\-Mh^.-\-- ■ ■ (sum of homogeneous parts in the power series ring), 
where Mi,^ is not a zero-divisor of R. Were, by contradiction, ^{Ir, C) < br, 
then we may find in Ir a series g, g = M'^ + ■ ■ ■ (sum of homogeneous parts) 

where M'^ 7^ and q < br. But then the series g (h^^^^) G Ir^ C Jr and 
(because M^^ is not a zero-divisor) has order < br{b — br), a contradiction. 
So, the equality holds. But B'^ induces over the special fiber the object 
Br^^^ , in particular C C Sing(i?r) := Sing(i?^°\ In [11] it is proved that 
i'{lj)'\C^^^) > br. Thus, the implication <^= is proved. It follows C is a i?^ 
center. 
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(c) By (b), such a center C is also a 0-center. Then, in case (a) the 
equahty follows from the definition of 0-center. In case from this defi- 
nition and Proposition 15.31 Note that in this case ai + ■ ■ ■ + = 6 — 6^- 

(d) The proof is a calculation entirely analogous to that for the case 
where A = is a field, and we shall omit it. □ 

If (using the notation above) B[. = {Wr — > S, Jr, b', Er) is the object 
associated to an A-basic object Br = (Wj. — > S, /,., b, Er), given a closed point 
y e Sing(5;) = Max(0^) (b), we may find an element / E A'''-\Jr/S)y 
defining, on a neighborhood of y, an S-hyper surf ace Z satisfying condition 
(Al) of I6.2[ But in general (A2) of 16.21 won't be satisfied, hence Z won't 
be adapted to B'^. To overcome this difficulty we introduce another A-basic 
object, denoted by B^' (see [H], 9.5). This object B" will be essential in 
inductive arguments. 

8.3. Here we use the notation of I5.1[ Consider a t-permissible sequence of 
A-basic objects 

(1) Bo< ^Br 

where we write Bj = (Wj S, Ij, b, Ej). 

(a) We shall say that an open set U C Wr is amenable for Br if the 
following property holds. As usual, we write tr = {0r,nr)- Let max(tr\u) = 
(0, n) (where = max(0j,|(/)). Then, we require that for hypersurfaces 
H^, . . . ,H^m E~ we have: 

Msix(tr\u) = Max(0^|c;) nHln---H^r\U 

These hypersurfaces are uniquely determined, by the maximality of n. Note 
that this concept depends not just on Br but also on its position in a t- 
permissible sequence like sequence (1) above. 

If we may take U = Wr as our amenable open, we say that Br is amenable. 

(b) Note that if, in (1), x G Sing(i?j.), by the upper-semicontinuity of 
tr and the definitions we may find an open neighborhood U of x in Wr such 
that tr{x) is the maximum of trp and U is amenable for Br. 

(c) The object Br" . Let f/ be a amenable open for Br- Then we define 
a new A-basic object (Br\u)" as follows. Let B'r = (Wr, Jr,b' , Er). Then, 
(5,[^)"=(f/,/;,6',E+),where 

I': = (Jr + I(Hlf' + ■■■ + I(H;,Y)\u, Et = (Er \ E;)\u 

(concerning E~ , see 15.11) . By (b), given a point x G Sing(i?r) always there 
is a neighborhood U os x such that (Br\u)" is defined. 

When Br is amenable and we take U = us{Br) we simply write B'^.. 

Proposition 8.4. Let Bq ^ ■ ■ ■ <— Br be a t-permissible sequence of A- 
basic objects, Bj = (Wj S, Ij,b, Ej) , where Br is amenable, and B" the 
associated object just introduced. Then we have: 
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(a) iB';f^ = 

(b) A center C for Br is t-permissible if and only if it is B'/! -permissible. 

(c) For every irreducible B';-center C, iy{I^,C) = z/(/^^°\cW) = b' (the 
index of B"). 

(d) Let C C Wt be a B^-center which is t-permissible (or B" -permissible, 
it is the same.) Consider the transformations B" <— (-8^)1 '^'^^ -^r- ^ -Br+i 
with center C , and the object -B^+i associated to -Br+i- Assume m.&-x.(tr) = 
max(t,+i). Then, {B';)i = 

(e) B" is a locally nice object. 

Proof, (a) easily follows from the definitions, (b) follows from the definition 
of using ESl^b) and the fact that Max(i^) = Max{0r)nH* n---H^ (recall 
that here U = Wr). (c) follows from (c) of 18.21 and the fact that such a 
center C is contained in each hypersurface H*. 

Concerning (d), let B"_^_^ = {Wr+i, Ij!j^i,b" , E:^). We must prove that, 
via the morphism p : Wr+i —>■ Wr (the blowing up with center a t-permissible 
center C, with exceptional divisor H), I'^^^ coincides with the controlled 
transform I{H)~''" I"Owr+i — ^- Let Hj denote the strict transform of 
H* via p, note that H G -E^t^i (because max(tr) = max(tr+i))- Letting 
O' := Owr+i, we have: 

L = i{H)-'''r;o' = i{Hy''[i;, + i{Hif + ■■■ + i{H*^f]o' = 

I{H)-''r^ + {I{HrH{Hi*)f + ■■■ + {I{H)-H{Hj,*f]0' = 

Ir+l' + I{H[f' + ■■■ + I{H'J 

and the latter is precisely desired. 

(e) Consider the smallest index s such that max(ts) = . . . = max(tr). As 
usual, tj denotes the j-th t-function of the sequence of special fibers. Work- 
ing with , by 18.21 (c) and l6.3[ if x G Sing(_B^') is a closed point we may get 
an open neighborhood of x in Ws and an element h G ViV, A^"-^{r^ / S)) 
defining an A-hyper surface on V . This is an adapted hypersurface (for i?,'' 
restricted to V). Indeed, clearly (Al) of 16. 21 is satisfied, and (A2) is obvious 
because E* is empty. Letting x vary in the (dense) set of closed points of 
Sing(_B^') we get an open covering {Vj}, j = 1, . . . , g of Sing(_Bg') and hyper- 
surfaces Zj defined on Vj and adapted for the restriction of B'l to Vj-, for all 
j. Transforming with center C^, letting Vij be the pre-image of Vj in Ws+i 
and Zij the strict transform of Zj, by Giraud's Lemma [6.101 Zij is locally 
defined by an element of A^"~^(/^'_^;^/5') and is transversal to Es+i^ (which 
consists of the exceptional divisor Hi of the transformation only), because 
Cs n Vj is contained in Zj. Thus, Zij is adapted to the restriction of 
to Vij, for all j. Reiterating, we get a covering of Sing(i?") by open sets 
V(r_s)j, i = 1, ... ,g of Wr and on each V^r-s),j an A-hyper surf ace Z(^r-s),j, 
adapted to the restriction of B" to V(^r-s),j, for all j- Thus, B" is locally nice, 
as claimed. □ 
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8.5. More on the resolution algorithm over a field. Now we check the asser- 
tions made in 12.10^ by using the theory of section [7] and the present one (in 
case A = k, a field). 

We take as the open set U of l2.10l an amenable neighborhood of w. Then 
the nice object B'^ of 18.31 is defined on U, hence its associated homogenized 
object T-C{Bs") := {HB'^) (which is again nice) admits an adapted hypersur- 
face Zsu (or simply Zs) containing w, defined on U. From the assumption 
"dim(Max(ts) < d — 1" made in l2.8[ Zg is inductive. This is the hypersurface 
Z, of [231 while our object B* is {HB'Dz, flCTl (b)). (More properly, we 
should write, e.g., B*^ = 'H{{Bs\u)")z^u I'ather than 5*, we try to simplify 
the notation). 

Now we check properties (i)-(iv) of 12.81 

(i) ByEISl Sing(5:) = ^mg{HBj'). Since, by Proposition El Bj' and 
HBj' are W-equivalent, we obtain ^i'n.g{HBj') = Sing{Bj'). Combining 
these facts, we get (i) of 12.81 

(ii) By repeated application of 16.131 (i), (ii), from the algorithmic reso- 
lution (2) of 12.81 (obtained by the inductive hypothesis) we get a permissible 
sequence 

(1) (HBs") ^ {HBJ'\ ^ ■ ■ ■ 

By the W-equivalence of {HBg") and Bj' (17.41) . the sequence (1) induces 
(by using the same centers) a permissible sequence 

(2) BJ' ^ {BJ'), ^ ■ ■ • 

which, by 18.41 (b), induces (by using again the same centers) a t-permissible 
sequence 

(3) Bs ^ Bsi ^ ■ ■ ■ 

as claimed in (ii) of 12.81 

(iii) By I6.10[ us{B*_^_j) may be identified to the strict transform Zj of 
Zg to the scheme us{{HBj')j). By the W-equivalence of Bj' and {HBj'), 
us{{HBs")j) = us{{Bj')j). But, from our assumption "max(ts) = . . . = 
max(ts+q)", we get {Bs")j = (Br+j). Since Zj = us{B*_^_j), the fact that 
us{B*^j) = Max{ts+j) follows from [Ml 

(iv) Since Sing(i?*^^) can be identified to Max(ts+j) C Sing(_Bs_|_j), gj 
defines a function as claimed. The fact that its value gj{x) is well-defined 
comes from the following observation, by restricting to a suitable amenable 
open neighborhood of x and using the compatibility of our constructions 
with etale pull-backs, in particular open inclusions. 

Let B = {U ^ S, I, b, E) be a nice basic object, {HB) its associated 
homogenized (nice) object, Z, Z' adapted hypersurfaces for (HB), B* = 
{HB)z, B'* = (HB)'^,. Consider the resolution functions go, . . . ,gm of B* 
and ho, ■ ■ ■ , hm' of B'* respectively (known by induction on the dimension). 
We claim that gi = hi, for all i. This means that m = m', for all i both gi 
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and hi have the same domain, and they take equal values. 
Indeed, for j = 0, note that, by [II], := Sing(5*) = Smg{{HB)z) = 
Smg{{HB)) = Smg{{H B) z') = Sing(_B'*) hence the domains of go and Hq 
agree. If x G Sq, by 17. 131 we get etale neighborhoods p : (Y,y) {Z,x) and 
p' : {Y,y) iZ',x) such that p*{B*) = p'*{B'*) := B. By the compatibility 
of the algorithm with etale morphisms, p*{go) and p'*{ho) agree on Sing(i?). 
Hence, go{x) = p*{go){y) = p'*iho){y) = ho{x). Consequently, Max{go) = 
Max(/io) (say, = C). But C is the first center we use in the resolution 
both for B* and B'*. By C is also a permissible center for [HB) 
(or its W-equivalent object B). Transform these objects with center C, 
getting B* ^ B*i, B'* ^ B'\, HB ^ HBi, B ^ Bi respectively. We 
know that us{B*i) (resp. us{B'*i)) is the strict transform Zi (resp. Z[) 
of Z (resp. Z') to Ui := us{{HB)i) = us{Bi) (use I^TU]) . Again Si = 
Sing(5*i) = Smg{{HBi)) = Smg{B'\) (both = Sing(5i)). Using again 
I7.13[ given an arbitrary point Xi in 5*1, lying over xq & S C U, we get 
commutative cartesian diagrams 



Y ^ 




Y ^ 




Ip 


ipi 


Ip' 


ip'i 


z ^ 




Z' 





(where, by the compatibility of the resolution algorithm with etale pull- 
backs, qi is the first transformation in the algorithmic resolution process for 
5) such that Pi*{B\) = p\*{B'\) := B^. Then, both pi*(^o) and p[*{hi) 
must be the first resolution function for B, hence they must agree. Exactly 
as in case j = we conclude that gi{xi) = hi{xi). Since xi was arbitrary 
in S, gi = hi. We may iterate this procedure, each time using msl to show 
that m = m' and gi = hi for all i. 

We should check that the functions gj thus defined are compatible with 
etale pull-backs (we used this fact in the inductive step). But this is simple, 
and we leave it to the reader (or see [S] or [TTj). 

9. Algorithmic equiresolution 

9.1. In this section we work with the VW-resolution algorithm (for ba- 
sic objects over fields of characteristic zero) discussed in 12. 8^ 12.101 and 18.51 
Henceforth this will be referred to as the algorithm. As usually, A is the 
class of rings of I3.1[ 

We shall prove Theorem 11.11 To that effect, given a ring A & A and 
an A-basic object B = (W — >• S,I,b,E), S = Spec{A), we shall introduce 
certain conditions Sj, j = 0, 1, . . ., which may be valid or not. Intuitively, 
these conditions work as follows. Let 



(1) := B^ 
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be the algorithmic resolution of the fiber i?*^"^ of B, obtained by using al- 
gorithmic resolution functions Qi, i = 0, . . . ,r — 1, which yield resolution 
centers Ci = Ma.x{gi) C us{Bf^). For < j < r the validity of Sj means 
that all the operations involved to complete the first j — 1 steps in the algo- 
rithmic resolution (1) (i.e., what is necessary to obtain the j-truncation of 
(1)) can be extended, in a natural way, along 5" = Spec A. Theorem ll.il will 
be an immediate consequence of this theory. Let us discuss these conditions 
more carefully. 

We define conditions Sj for every non-negative integer. We declare them 
vacuously valid for j > r. In particular if, in (1), r = 0, i.e.. Sing 
then B is algorithmically equisolvable. So, assume r > 0. Then, for values 
j = 0, ...,r — 1, condition £j, if vahd, defines centers Ci, i = 0, 
where more precisely Cq is a center for B = Bq, Ci is a. center for Bi = 
7{Bq, Cq), . . . ,Cj is a center for Bj = 7{Bj_i, Cj_i). Thus, if Sj^i is valid, 
1 < j < one has an induced permissible sequence of 74-basic objects 

(2)i Bq ^ ■ ■ ■ <- Bj 

These conditions Sj will satisfy the following properties: 

(a) The sequence (2)^ induces, by taking fiber, the j-truncation of the 
algorithmic resolution of B^'^\ 

(b) If i < j, then the sequence (2)j is the z-truncation of the analogous 
sequence (2)j. 

(c) If / : W — * ly is an etale morphism and B' is the A-basic object 
induced from B by pull-back, if condition Sj is valid for B then it is also 
valid for B' and the centers Cj associated to B' are the pull-backs of those 
associated by £j to B. 

(d) The conclusion of (c) remains true if W = W x g S' , where S' ^ S 
is induced by a ring homomorphism (of rings in A) A A' and / : W W 
is the first projection (i.e., £j is stable under change of the base ring A). 

These conditions, satisfying the mentioned properties, will be defined 
inductively on ci = dim 5. This will be done in the following sub-sections. 
But, accepting the results just stated, we may prove Theorem II. II as follows. 

9.2. Proof of Theorem \l.l\ Given an A-basic object B, with fiber B'^^\ let 
condition £i be valid for i = 0, . . . , s — 1. Then define e{B) := s. There is 
an associated A-permissible sequence B = Bq ^ ■ ■ ■ ^ B^ (this is (2)j of 
19. H with i = s), using centers Ci C us{Bi), i = 0, . . . , s — 1. These are 
the centers we associate to B to complete the definition of the function of 
Theorem 11.11 The claimed properties of this function follow from properties 
(a), (b), (c) and (d) of conditions £i stated in 19.11 
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Definition 9.3. Given an A-basic object B as in 19.11 we say that it is 
algorithmically equisolvable if conditions Sj are valid for every j > 0. Equiv- 
alently, since conditions Sj are vacuously valid for j > r, we may require 
that Sj be valid for j = 0, . . . , r — 1 (with r as in sequence (1) in lQ.ip or that 
in Theorem 11.11 it must be e{B) = i{B^^^). 

In this case, the sequence (2)^ of 19.11 that is determined will be called 
the algorithmic equiresolution sequence of B. 

Of course, an A-basic object may not be algorithmically equisolvable. 
For instance, the basic object of Example 14.31 has non-empty singular locus 
but it does not admit any permissible center. Hence it cannot have any 
equiresolution. 

Now let us precisely define conditions Si. 

9.4. Defining Sj when dim (B) = 1. Let (1) of 19.11 be the algorithmic 
resolution of the special fiber B^'^^ We shall define, for < j < r, conditions 
Sj, in such a way that if Sj is valid, then the resulting sequence (2)^ (of 19.11) 
is p-permissible (see 15. 7p . 

Start with Sq. Consider B := Bq. Notice that necessarily max(0o) > 0. 
In this case, the zeroth algorithmic center C^^^ of the fiber B^^^ is Max(to)- 
To define Sq, take an open cover {Ui} of Max(to) such that each f/j is 
amenable for B, hence {BpJ' := 5f = {Ui S, ,b" , E'/) is defined (see 
18.31) . Then, to have Sq valid, we require that, for all i, ~^(/f/5') define 
a i?j"-permissible center Cj. Since the locally defined objects B" agree on 
intersections (this follows from the construction in 18.31) . this requirement is 
independent of the choice of the cover and the different Cj glue together 
to yield a well-defined center C which is ^-permissible (because, by 18. 4^ 
C restricted to each Ui is -Bjc/,- permissible). This C is the center Sq de- 
fines. Property (a) is true because because {B\u^)" restricted to the fiber is 
(5(o)|(;J" and Sing(5(o)|c;J" = V{A^~-\I^^\u,)) = Max(to) n U.. Property 
(b) is clear. Moreover, C is t-permissible (18.41 (b)). 

Now, if j > 1, assuming Sg defined for s < j, we introduce condition Sj. 
Looking at Bj^\ there are two cases: (a) max(0j) > 0, (/3) max(0j) = 0. 

Consider case (a). To declare Sj valid, first we require that conditions Ss 
be valid, for s < j. Hence, we have a t-permissible sequence Bq ^ ■ ■ ■ ^ Bj. 
Recall that in this case the j-th center Cj°^ in (1) of 19.11 is Max(tj). Apply 
to Bj the technique used in the case j = 0. Namely, cover Max(tj) by 
amenable open sets, so that nice basic A-objects (-BJ )i = {U S, /f , b'-, E") 
are defined (see 18.31) . To finish the definition of Sj in this case we require 
that the subscheme defined by A*^'~^(/f /S") be a (-Bj)i-center Cji, for all i. 
As above, this is independent of the chosen cover, and these centers patch 
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together to produce a t-permissible center Cj for Bj, which will be the Bj- 
center determined by Sj. Requirement (a) is treated as above (case j = 0) 
and (b) is clear. 

Now consider case (/?). Here, the object Bj is premonomial. To have 
condition Sj satisfied we require that Bj be monomial, and we take as the 
associated center the canonical monomial center. The verification of prop- 
erties (a) though (d) is simple. 

9.5. It remains to check, in case (a), properties (c) and (d). We are not going 
to present the details of this verification, either here or in the other parts of 
the discussion of conditions Sj. In fact, the verification is either immediate 
or a consequence of calculations in certain local rings (see, e.g.. l3.9l and l3.10p . 
These calculations are simple once we use the following observations. 

For (c), use the identification of Proposition 17.61 Concerning (d), note 
that if B = (W Spec A, I ,b, E) is an A-basic object, w E W a closed 
point, A ^ A' a homomorphism in A, W = W Xj^ A' W the first 

projection, w' G W a point lying over w, R = Ow,w ^'w w' — ^' 
the induced homomorphism, then: (a) an A-regular system of parameters 
a = (ai, . . . , a„) of R maps into an A'- regular system of parameters a' = 
{a[, . . . , a^) of R', (b) if R (resp. R') is the completion of R with respect 
to a (resp. of R' with respect to a') then there is an identification of R 
and the power series ring 74i[[xi, . . . , a;„]] (resp. R = A[[[xi, . . . , Xn]]) where 
Ai = R/ {ai, . . . , an) (resp. A[ = R! / (a'^^, . . . , a^)), with these, induces the 
natural homomorphism from Ai = i?/(ai, . . . , a„) to A[ = R! / (a'^, . . . , a^) 
(sending each Xi to itself); we also use the corresponding known result in 
case A and A' are fields fl2TT^ . 

In the discussion of the case where the dimension d of i? is arbitrary 
we shall need a lemma that we state next. Its proof will be presented in 
19.101 Informally, it says that if {HB) is the homogenized A-object asso- 
ciated to B (nice), Z and Z' are inductive hypersurfaces for {HB) and we 
assume, inductively on the dimension, that the inductive objects {HB)z and 
{HB)z' are algorithmically equisolvable, then the 0-th centers Cq and Cq of 
their algorithmic equiresolutions coincide: Cq = Cq. Moreover, under suit- 
able strong permissibility assumptions similar equalities hold for the other 
algorithmic resolution centers associated to {HB)z and {HB)z'- 

Lemma 9.6. In the previous notation, assume conditions Sj, satisfying (a), 
(b), (c) of \9.1\ are defined for every possible j when the dimension of our 
basic object is < d. Let B = (W S, I, b, E) be a nice d-dimensional basic 
object over A, (HB) := n{B) = {W ^ S,n{I / S,b),b, E) (cf. it is 

again nice), Z and Z' inductive hypersurfaces for {HB). Let {HB)z and 
{HB)z' be the corresponding inductive objects. Assume that both {HB)z 
and {HB)z> are algorithmically equisolvable (i.e., they satisfy conditions Sj 
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for all possible j, since their dimensions are equal to d — 1, by our hypoth- 
esis these conditions are defined). Consider the corresponding algorithmic 
equiresolution sequences 

(1) {HB)z = {{HB)z), < ^ {{HB)z)t 

(2) {HB)z' = {{HB)z')o < ^ {{HB)z')t 

(Note that the length of these sequences, which dependes on the special fibers 
only, must be the same, by the results of \8.5\) . Assume that both (1) and (2) 
are strongly permissible sequences (see \6.l1\), determined by centers Ci C 



us{{{HB)z)i), C[ C us{{{HB)z')i), i = 0, . . . ,t — 1 respectively. Let 
(3) {HB)o^iHB),< ^(HB),, 

(4) iHB)o = (HBY, ^ {HB)\ ^ ■ ■ ■ ^ {HB)[ 

be the induced permissible sequences (see \6.1'1\) . Bu \6.1(K if Zi and Z[ are 
the strict transforms of Z and Z' to {HB)i and {HB)'^ respectively, there 
are identifications Zi = us{{HB)z)i, Z[ = us{{HBy^)i. 
Then, using these identifications, Cq = C'q, hence us{HB)i = us{{HB)[) ; 
using this fact, Ci = €[ (an equality of subschemes of us{{HB)i), hence 
{HB)2 = {HB)^), and so on, eventually getting C\ = C'^, (as subschemes 
of us{{HB)x) = us{{HBy^), X = 0, . . . ,t. 

9.7. Defining conditions Sj when dimi? = d, an arbitrary positive integer. 
The case d = 1 being explained, we shall proceed by induction on d. So, 
assuming the definition (having properties (a), (b), (c) and (d) of 19. II) known 
when the dimension of the A-basic object is less than d, we'll introduce 
conditions Sj for B (i-dimensional. This will be done again by induction on 
3 ■ 

Start with j = 0. Let B = Bq he our A-basic object. Looking at the 
fiber B^^\ its 0o function must satisfy max (0o) > 0. Consider M = Max{to). 
There are two cases: dimM = d — 1 or dimM < d — 1. 

(I) Case dimM = d — 1. Here, on the fiber the zeroth algorithmic 
resolution center is M(l), the union of the components of M of codimension 
one. We proceed as in the one-dimensional situation. Namely, consider 
locally defined nice A-basic objects B" = {Ui S, If, b", E") as in l8.3[ where 
the open sets Ui cover M(l) and, for all i, Ui (lY = ^, for any irreducible 
component Y of codimension > 1 of M. (This is possible, since by [11] M(l) 
is regular.) Then we declare condition So valid if for each i the W^-ideal 
A^i^^{I-' / S) defines a permissible center Cj. Again, since the considered 
nice basic objects agree on each intersection U fl f/j/, the different Ci define 
a i?-center C. We take C as the center that Sq associates to B. From the 
construction of the nice object B" (18.31) . this is independent of the choice of 
the open cover {Ui}. Conditions (a), (b), (c) and (d) of 19. II are easily checked 
(see 19.41 and l9.5p . This finishes the case where j = and dim{M)=d — 1. 



ALGORITHMIC EQUIRESOLUTION OF DEFORMATIONS 



43 



(II) Case dimM < d — 1. In this situation, the zeroth algorithmic center 
Co°^ in the resolution sequence (1) of 19.11 is defined inductively, on the di- 
mension (using locally defined basic objects B^^ , inductive hypersurfaces, 
homogeneization (17.21) and the corresponding inductive objects). Accord- 
ingly, we cover M = max((7o) by amenable opens Ui {i in a suitable set, go is 
the 0-th resolution function of B^^). Hence on each Ui there is a nice A-basic 
object B'l = {Ui S, I", b'l, E") admitting an adapted hypersurface Zi C Ui 
(see 18.31) . For each i take the homogenized object {HB") := H{B'/) = (Ui 
S, I*, h'l, El') (where /* := n{Il'/S, h'D). The object {HB'D is again nice, ad- 
mitting Zi as an adapted hypersurface. From our assumption on dim(M), 
by 18.41 (b) and I6.12| Zi also satisfies (A3) of 16.21 i.e., Zi is inductive. Con- 
sider the inductive object B* := {HB'Dz^ = (Zi -> S, e{I*/S, Zi), Si, Ei), see 
16.111 (a). By induction we know what it means the expression "condition Sg 
is valid for B*, for every i and s". So, we declare: Sq is valid for B if the 
following conditions hold: (a) for all i, Eg is valid for B*, for all s > 0; (b) 
the center Ci that condition £q is associates to B*, is strongly permissible 
(I6.17p . Then we claim that these centers Ci agree on intersections, defining 
a 5-permissible center C C W . These statements follow from the following 

Observation: Let Vi and V2 be amenable open neighborhoods of a; G M, 
such that nice basic objects B'l and B'2, with inductive hypersurfaces Zi and 
Z2, are defined on Vi and V2 respectively, as in 18. 3[ Let B* := (HB'Dz^, 
i = 1,2, both satisfying condition Sg, for all s > 0. Let U C Vi fl V2 
be an open neighborhood of x, Ci the center that condition Sq assigns to 
B*, i = 1,2. Assume Ci, i = 1,2, are strongly permissible centers. Then, 



To prove this observation note that, by the construction of I8.3[ B'^ijj — 
-^2|c/ (say =B"). Now, both Zi n U and Z2 H U are hypersurfaces on U 
adapted to B". Then by applying Lemma [9l6] (case A = 0) we get CiHU = 
C2 n U, as needed. 

9.8. Now, inductively, assuming conditions Sg, satisfying properties (a), (b), 
(c) and (d) of 19. 11 have been defined for s < j, j > 0, let's introduce condition 
Sj. By our inductive hypothesis (see 19. 11 (2)^) we get a permissible sequence 
of A-basic objects 



ing at the functions 0p corresponding to the sequence (2), we distinguish 



Ci n f/ = C2 n f/. 
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two cases: (I) max (0j) = 0, (II) max (0j) > 0. In case (I), Bj is pre- 
monomial. We declare condition Sj valid if Bj is monomial and we take the 
corresponding center Cj to be the canonical center in this case (see I5.4[ ) 

In situation (II), looking at the functions tp corresponding to the se- 
quence (2), and letting M := Max(tj) and d = dim(_B), we distinguish the 
following two possibilities: (a) dimM < d — 1, {(3) dimM = d — 1. 

Consider (a) first. This is the situation where to define the j-th center 
Cq^^ in the algorithmic resolution of B^^^ we use induction on the dimension 
(via local associated homogenized nice basic objects, inductive hypersur- 
faces, inductive objects). Take the index q such that max(tq) = max(tg+i) = 
■ ■ ■ = max(tj) but max(tq_i) > max(tq). To declare condition Sj vahd, first 
we require that conditions Sg hold, for s < j. In particular, condition £q is 
valid. Take an open cover {Vig} of C^^\ (teh q-th. algorithmic center in (1) 
of 19.11) such that on each Vig we have a nice A-basic object B'/^ := [Bg^jj)" 
with adapted hypersurface Zig C Vig (i.e., Vig is amenable, see 18.31) . From 
dim(M)< (i — 1 we see that Zig is inductive (i.e., (A3) of 16. 21 holds, see 16. 121) 
Next we take, for each z, the homogeneous A-basic object {HB'Q := H^B'Q 
(again nice), admitting Zig as an inductive hypersurface. Consider next, 
for each index i, the inductive object B*^ := {HB'Qziq and the algorithmic 
equiresolution sequence 

V>) ^iq ^ ^ ■ ■ ■ ^ij ^ 

(obtained by the validity of condition Eg) with centers Cip C us{B*), q < 
P ^ j- (It reaches at least level j because of the equalities max(tq) = ■ ■ ■ = 
max(tj)). Finally, we say that B satisfies condition £j if the sequence (3) is 
strongly permissible 06.171) . for all i. Then there is an induced permissible 
sequence (HB'/g) ■ ■ ■ ^ {HB'/j). Let Big denote the restriction of Bg to 

Vig. By the W-equivalence of Big and {HB'Q and repeated application of 
18.41 we obtain (by using the same centers) an induced t-permissible sequence 

(4) Big ^ ^ ■ ■ ■ ^ Bij 

From the validity of £p for p < j, by induction we may assume that by 
varying i the centers Cip glue together, to produce globally defined centers 
Cp, q < p < j, so that the resulting sequence coincides with (1). More 
precisely, we obtain Cg C us{Bg), next C^+i C us{Bg+i), where -Bg+i = 
7{Bg,Cg), and so on. Finally, we have Bj = 7{Bj_i,Cj^i). In this way, 
us{Bj) any be identified to an open Vij C us{Bj), the center Cij of B*j to a 
closed subscheme of Vij C us{Bj). Arguing as in 19.7( 11). using Lemma [221 
(now in case A = j) we see that these agree on intersections. By the strong 
permissibility condition on the sequence (3), we obtain a t-permissible center 
Cj of Bj. This Cj is the center Sj attaches to Bj. Again by Lemma [9l6| this 
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center is independent of the choice of the cover and the adapted surfaces 

selected, so C is well defined. 

Situation {13) is treated exactly clS CcLSG "dimM = rf - 1 " in 19^1 

In both cases a and (3 property (a) of 19. II follows from the fact that our 

construction over A induces on the fiber the appropriate algorithmic center 

in the resolution (1) of 19.11 (b) of 19.11 is immediate and (c), (d) are easily 

verified by using the remarks of I9.5[ 

So, we have completed the definition of conditions £j, and the proof of 

Theorem 11.11 (see 19. 2p is complete. 

Example 9.9. A basic object over A may have many equiresolutions, but 
only one of these can be the algorithmic equiresolution. Consider the fol- 
lowing example. Here, k denotes a characteristic zero field, A = k[e], 
where = 0, i? = {x,y indeterminates) , 5* = Spec (A), W = 

Spec(/2), W —>■ S is induced by the natural homomorphism A —>■ R. Let 
B = (W ^ ^, (?/2,a;3),2,0). Then 5^ = (Spec y], (y^, x^), 2, 0) and 
SiD.g{B^^^)=V{x,y) (the origin). If we blow-up the origin of Spec {k[x,y]) 
the resulting transform B^^ will satisfy Sing (!?(''■* )=0, and clearly this is the 
algorithmic resolution of B^'^^ Concerning B, if (for X E k) Cx C W is the 
subscheme defined by the ideal I{Ci) := {y, x — Ae) C R, then Ci is a per- 
missible center. Indeed, if we let x' := x — le, then / = (y^, x'^ + 3lex''^) and 
I(Ci) = {y,x'). Now we immediately see that u{I,C) = z/(/(°),C(o)) = 2. 
Clearly Ci induces the origin on B^'^\ for all /. If Bn is the transform 
B with center Ci, then Sing(i?ii) is nonsingular, for all /. In fact, its re- 
striction to the non trivial affine open of the blowing-up is (Spec (v4[a;', y] 
S, {y'^,x' + 3Xe),2,H) (with H = V(x')), and we see that Sing^Bu) = 0. 
Thus, for any I we obtain an equiresolution of B. 

For what values of / will this be algorithmic, that is will condition Sq hold? 
We are in the case where (in the notation of I9.7P we have codim(M) > 1, 
so we have to use the inductive object. Note that _B is a nice A-basic ob- 
ject, Z defined by the ideal {y)A[x,y] is an inductive hypersurface. Let us 
study condition £q using Z. Here, A{I / S) = (?/,x^), H{I / S) = {y'^,x^y,x^), 
e{nll/S),Z) = {x^)A[x]. Hence, Bz = {Spec{A[x] 5, (x3),2,0). By 
induction, to have condition So satisfied, we need a permissible center for 
Bz- To study permissiblity for Ci (defined by /(C;) = (x — /e)), note that 
{x — le)^ = {x^ — Slex^). From this fact we see that for / 7^ we get 
2 = v{J,Ci) < v{J'^^\cf'^) = 3, so that the center Ci is not permissible, 
while for / = we get z/(J, Co) = //(J^^-', Cq^^) = 3, so that Cq is permissible. 
So, this way the only algorithmic center we get is Cq, in agreement with the 
general theory 
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9.10. Proof of Lemma \9.6[ We proceed by induction on t. Let t = 0, i.e., 
we have a single A-basic object {HB). Let C (resp. C) be the algorith- 
mic center of {HB)z (resp. {HB)z'). Firstly, we claim that = C'^o) 
(equality of fibers). Indeed, by (a) in 19.11 these are the algorithmic zeroth 
centers of the fibers {H B^^^) ^(o) and {HB^^^)zi(o) respectively. But both cen- 
ters, regarded as subschemes of W^^^ := us{HB^^^) must be the (unique) 
algorithmic zeroth center of (HB^'^^) (by the construction when the base is 
a field). Hence they agree: = C'^^l 

Since the set of closed points is dense, to show the equality C = C" it suffices 
to show that if y is any closed point in C^*^-* = C'^'^\ then the restrictions of 
C and C to a neighborhood of y coincide. 

By using 17.131 we find etale morphisms vr, vr' from a scheme Y into Z and 
Z' respectively, such that tt*{{HB)z) = tx'* {{H B) z>) . By (c) of EH both 
7r~^(C) and tt'~^{C') must be the algorithmic zeroth center that condition 
£o assigns to Tr*{{HB)z)) and Tr'*{{HB)z') respectively. Since these A-basic 
objects are equal, 7t^^{C) = 7r'^^(C"), whence C = C near as claimed. 
The inductive step (transition from t to t + 1) is accomplished with an argu- 
ment similar to that used for t = 0, applying the inductive hypothesis and 
again Theorem 17.131 

9.11. On generalized basic objects. Initially, we intended to use strictly the 
resolution process for basic objects (over a field) discussed in [TT] or [S]. In 
it there is a fundamental inductive step, where one replaces a basic object 
B first by a nice object B" (locally defined) and then this one by an object 
Bz with underlying scheme Z, a regular hypersurface defined on us{B"). 
By induction we have a resolution function for Bz, which allows us to define 
(locally) a resolution function for B. Alternately, we have an algorithmic 
permissible center for Bz which produces (locally) an algorithmic center for 
B. But this construction is local and moreover, given B", there are many 
adapted hypersurfaces Z, so there is a problem of patching, if we try to get 
a globally defined resolution function (or algorithmic permissible resolution 
center). (Similar considerations apply to a basic object Bj which appears in 
a suitable permissible sequence of basic objects, see I6.13p . In these references 
to solve this problem the authors use generalized basic objects. In a suitable 
sense these are, locally, basic objects, but it is possible to define for them 
global permissible centers, globally defined t-functions (see 12. 8p . and so on. 
Once this is verified, the mentioned patching problem is easily solved. Key 
results to implement this approach are: (a) Hironaka's trick (see [S], section 
21) (b) the fact that formula (1) of 16.131 holds or (essentially equivalently), 
(c) that a center C is permissible for B if and only if it is permissible for 
Bz. As we saw, the statement analogous to (c) working over A & A rather 
than a field is not true (see 16.141 and 16 . 1 5"|) . Hence it does not seem possible 
to adapt this approach to the situation where we work over an artinian ring. 
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necessary for Theorem 11.11 This difficulty was overcome by abandoning 
generahzed basic objects and using some techniques from [2B] instead. This 
leads to the VW-resolution algorithm, that we have used. However, many 
aspects of the theory of generalized basic objects, including Hironaka's trick, 
can be adapted to the case of objects over A E A. Since we do not make 
use of these results, we do not present the details here. 

10. Families of ideals and varieties 

It is known that, working over a field, our algorithm of resolution for 
basic objects induces algorithms for principalization of ideals and resolution 
of embedded varieties (see ^j). In this section we present a brief review of 
these facts and a description of an analogue when we work over an Artin 
ring. Throughout, A will denote a ring in the class A of l3.lt S := Spec (A). 

10.1. Families of ideals. Given an Artin ring A E A, an idealistic triple (or 
id-triple) over A is a 3-tuple T = {p : W ^ S,I,E), S = Spec (A), such 
that (W — > S, E) is an S'-pair (13. 5p and J is a never-zero H^-ideal (12.11) . 

There is natural notion of (closed) fiber, by reducing modulo r{A). This 
fiber is an id-triple over k = A/r{A), T(°) = {W^°^ Spec fc, J(°), E(°)). 
We might call an id-triple over A E A a. family of triples (over fields) 
parametrized by S or an infinitesimal deformation of the triple T^^\ If 
A = k is a field, often we shall write {W, I, E) := {W Spec /c, /, E). 

Given and id-triple T = {W ^ S,I,E) and a subscheme C oiW which 
is a permissible center for the underlying S'-pair {W S, E) (13.51) . we may 
define the transform of T with center C. This is the id-triple Ti = {Wi — 
S,I[,Ei), where (Wi — > S,Ei) is the transform of the S'-pair (W — > S,E) 
with center C ^J2^ and I[ = lOw^ (the total transform of I toWi, l43|) . 

An A-resolution, or equiprincipalization of T is a sequence T = Tq 
Ti*— • ■ ■ *— oi id-triples, with % = (Wi S, li, Ei), the transform 
of % with a permissible center, such that = I{HiY^ . . .IlHgY" (where 
Er = {Hi, . . . , Eg)), for suitable (locally constant) integral exponents q > 0, 
i = i, . . . ,s. By taking fibers, such an A-principalization induces a princi- 
palization sequence for T^^^^ (see [5], Theorem 2.5). 

It is known that when the base is a field k (of characteristic zero) our 
algorithm of resolution for basic objects induces an algorithm for principal- 
ization of id-triples. Namely, given the id-triple T = (W, I, E) over a field /c, 
one considers the basic object Bq = {W,I,1,E) and applies the algorithm 
to -Bo, getting a resolution B = Bq ^ ■ ■ ■ ^ B,,., Bi = (Wi, li, 1, Ei). Just 
by dropping the entry 6 = 1 in each basic object Bi, we get the desired 
principalization. See [5], Parts I and II, for details. Henceforth this princi- 
palization process will be referred to as the algorithmic principalization of 
T={W,I,E). 
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Now, relative to the VW-algorithm, we introduce a notion of algo- 
rithmic equiresolution, or equiprincipalization, for id-triples over A ^ A. 
Namely, given such an id-triple T = (W S,I,E), with fiber T'-^-* = 
we say that T is algorithmically equiprincipalizable if con- 
ditions So, . . . ,Sr-i are valid for the basic object B = (W S,I,1,E). 
Alternatively, we could demand that conditions Sj be valid for all possible 
j, since they are vacuously hold for j > r. So, if T is equiprincipalizable, we 
have an algorithmic equiresolution B = Bq ^ ■ ■ ■ <— Br, Bi = {Wi, Ei), 
of B. As before (when we worked over a field), by dropping throughout the 
entry 6 = 1, we obtain an A-principalization of T inducing by taking fibers 
the algorithmic principalization of 7^^\ This will be called the algorithmic 
equiprincipalization of T. 

It is easy to state and prove a theorem analogous to 11.11 for A-triples, 
A & A. We leave this task to the reader. 

We could have defined the notion of family of ideals parametrized by 
Spec (A), A E A as a. pair {p : W ^ S, I), with p and / as above, and 
essentially repeat what was done above. But since in an A-resolution pro- 
cess the exceptional divisors that appear must be considered, it seems more 
reasonable to work from the outset with id-triples instead. 

10.2. Working over a characteristic zero field k, a pair X = {X, W) where W 
is a scheme, smooth over k, and X is a reduced, equidimensional subscheme 
of W will be called an embedded variety . 

A resolution of A" is a proper, birational morphism / : W —>■ W, with 
W smooth, such that: (i) the exceptional locus of / is the union of regular 
hypersurfaces Hi, ... , Hn with normal crossings, (ii) the strict transform X' 
of X to W is regular, and has normal crossings with Hi, ... , Hn, (iii) / 
induces an isomorphism X' — /^^(S) —>■ X — S, where S is the singular 
locus of X. 

As explained in sections (2.4) and (5.8) of [5j , our algorithm for res- 
olution of basic objects induces an algorithm for resolution of embedded 
varieties. Indeed, consider the basic object B = (W,I{X), 1,0) and its cor- 
responding algorithmic resolution: 

B = Bq < — Bi < — ■ ■ ■ < — Br 

obtained via resolution functions go, . . . ,gr-i, taking values in a totally or- 
dered set AW, d = dim{W) (seeESD- We write Bi = {Wi, Ei), for all 
i. A property of our algorithm says that go is constant, say = a G 

Aid) 

on 

W \ Sing(X) and there is a unique index n (depending on B, hence on X) 
such that max((7„)=a. It turns out that the strict transform X„ of X to Wn 
is a union of components of Ma.x{gn) (i.e., the n-th center in the algorithmic 
resolution process), hence it is regular, having normal crossings with En. 
We shall denote the index n above by ri{X). 
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10.3. Relative A-varieties and their resolutions. If A & A (13. ip . a scheme 
X together with a flat morphism of finite type f : X ^ S = Spec A will be 
called a relative A-scheme. The morphism won't be specified when it is clear 
from the context. If the (only) fiber X^^^ is reduced and equidimensional, 
we shall talk about a relative A-variety. In that case, if U is the open set 
of points where X^^^ is smooth over k = A/r(A), the induced morphism 
X|[7 — i> S" is smooth over is smooth (because it is fiat, with smooth fiber). 
Note that Xp is a Cohen-Macaulay scheme (use 21.C, page 154, in [19j). 
Let us write S{X/S) := X\u. 

A resolution of an a relative A-variety / : X — S is a proper morphism 
(p : X' ^ X such that: (i) f(f):X'^Sis smooth, (ii) induces a resolution 
of fibers morphism : X'^"^ X(°) (i.e., 0^°-' is proper, birational and an 
isomorphism off the singular locus of X^^^). 

10.4. Relative embedded A-schemes and varieties. As usually, A is an Artin 
ring in A, S = Spec (A). 

(a) A relative embedded A-scheme (or an embedded scheme, fiat over 
S) is a pair X = {X,p : W S), with p smooth, X a closed subscheme of 
W, such that the morphism q : X S induced by p is fiat. 

If in addition X^^-* is reduced and equidimensional, we talk about a 
relative embedded A-variety. In this case (X*^''^ 14^*^'')) is an embedded variety 
over k = A/r{A). 

(b) We say that an the relative embedded A-variety X is equisolvable 
if there is a proper morphism ip : W — > W such that: (i) the composition 
pip : W — ^ 5* is smooth, (ii) ip induces a proper birational morphism of 
fibers W'^^^ W^'^\ (iii) If X = S{X/A) (the largest open subscheme of X 
smooth over S, see 110. 3p and X' is the scheme-theoretic closure of ip~^{X) 
in W, then the induced morphism X' — X is a resolution of the relative 
A-variety q : X ^ S. 

We have used the term relative by analogy with the well established 
terminology concerning divisors fiat over a base scheme, see page 72. 

Theorem 10.5. Let X = {X,p : W S) be a relative A-embedded variety, 
A'(o) = (X(°), iy(°)) Its fiber. Assume B := {p:W ^ S, /(X), 1, 0), satisfies 
conditions So, ■ ■ ■ ,£g, where q = r]{X^'^^) ^0.8\) . Then, X is equisolvable in 
the sense of \10.4\ (b). 

Proof. The validity of these conditions implies the existence of a permissible 
sequence 

B = Bq ^ ■ ■ ■ ^ Bq ^ -Bg+l 

Bi = {Wi, I{X)i,l, Ej), with centers Cj C Wi, i = 0, . . . g, inducing on 
special fibers the {q -\- l)-truncation of the algorithmic resolution sequence 
of the fiber 5^°) = 5^°^ (with centers Cf\ i = 0,...,g). By [JOj the 
strict transform Xq°^ of X to us{Bi^^) is the (disjoint) union of components 
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, . . . ,Ys of the center Cg . Let Fj, i = 0, . . . , s be the component 
of the center Cq inducing f/^-* on the special fiber (i.e., modulo r{A)) and 
ip '■ Wq — > Wo the naturally induced morphism. Using the fact that §{X/A) 
is a Cohen-Macaulay scheme and remark (b) in the proof of Proposition 
[S.lOl one sees that the scheme -theoretic closure of ip~^{S{X/A)) in Wq is 
equal to Yi U . . . U := Xq. Since Cq is smooth over S (via the restriction of 
the natural projection Wq — > 5") Xq is smooth over S and one readily checks 
that the morphism ip : Wq W defines an equiresolution of X in the sense 
of [1031(b). □ 

10.6. In the notation of Theorem 110.51 when conditions £o,...,Sq, q = 
?7(A'W), hold ioT B = {p : W ^ ^,/(X),l,0) we say that the relative 
embedded A-variety X is algorithmically equisolvable, and call the equireso- 
lution obtained in the proof of 110.51 its algorithmic equiresolution. 

10.7. We use the notation of 110.51 and its proof. If X is is algorithmi- 
cally equisolvable the algorithmic equiresolution of I10.5l has some additional 
properties, namely: (a) the morphism : Wq W is a. composition of 
blowing-ups with centers smooth over S, (b) the exceptional divisor D oi ip 
is a union of hypersurfaces with normal crossings (13.41) . (c) Xq has normal 
crossings with D. 

10.8. To finish this chapter we indicate how our notions of equiresolution 
(for basic objects, ideals or embedded schemes), given when we work over 
S = Spec [A) , A E A, naturally induce similar notions when working with 
families parametrized by an arbitrary noetherian scheme T. Consider, e.g., 
a basic object over a scheme T, that is a four-tuple B = {p : W ^ T, I ,b, E), 
with p a smooth morphism, / a never-zero ideal of Ow, b a positive integer, 
E a finite sequence of distinct hypersurfaces of W with normal crossings. Let 
t E T , Rt := OT,t and Pt the maximal ideal of R. Hence, for any non- negative 
integer m, Rt^m '■= R/Pt^~^^ E A. The family B induces an i^j^^-basic 

object Bt,m = {Pt,m ■ Wt,m ^ St,m, hm, b, Et^rn) {St,m = SpeC {Rt,m)) whcrC 

the morphism pt^m is obtained by base change (via the natural morphism 
St,m T), the hypersurfaces in Et^m come, by pull-back, from those in E, 
and It^m = lOwtm- We say that B is algorithmically equisolvable at t if, 
for every integer m > 0, the induced family Bt.m is an equisolvable Rt^m- 
basic object, in the sense of 19. 3[ Finally we say that B is algorithmically 
equisolvable if it is algorithmically equisolvable at t G T, for every t eT. 

Similarly, essentially by substituting in our previous work (in 110.11 and 
110. 4p the base S = Spec {A) by an arbitrary noetherian scheme T, we in- 
troduce the notions of family of id-triples and family of embedded schemes, 
parametrized by T. With the notation above, we naturally obtain induced 
families over Rt,m, at each point t eT and we say that a family of id-triples is 
equiprincipalizable at t is the induced family over Rt^m is so, for all m > 0. 
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Finally we say that it is equiprincipalizable if it is equiprincipalizable at 

every t E T. 

Following [11] or [5] we say that a family of embedded schemes (X, W — > 
S) is algorithmically equisolvable if its associated family of id-triples {W — >■ 
S, I{X), b, 0) is algorithmically equiprincipalizable. 

In case the parameter space is a smooth algebraic fc-scheme T {k a 
characteristic zero field) these notions are closely related to those studied in 
[TU] or [S], section 10. This will be discussed in a subsequent article. We 
hope that that the present theory will also have applications similar to those 
considered in \iQl, section 4 (Hilbert schemes). 

11. Appendix 1: Review of useful results 

In this appendix we collect a number of basic algebraic and geometric 
results that are used in the paper. Probably most of them are well known, 
but we prove those for which we could not find appropriate references in the 
literature. 

11.1. (a) We shall use the notation and terminology of l3.1[ Thus, A denotes 
the collection of artinian local rings {A,A4) such that the residue field k = 
A/M. has characteristic zero. Any ring in A is necessarily a complete k- 
algebra, k = A/r{A). 

(b) We shall be primarily concerned with the following situation: {A, A4) 
is an artinian ring in A, {R,^/) a local noetherian A-algebra, essentially 
of finite type (via a local homomorphism A R), S = Spec (A) . Let 
Z = Spec (R) and ir : Z —>■ S he the induced morphism. The closed fiber is 
isomorphic to Spec (R^^^), where R^^^ := R/AiR 

(c) Often it will be the case that is a A/'-smooth A-algebra, or Af- 
smooth over A. This is usually defined in terms of a homomorphism lifting 
property (see [20], page 213, or [1], Def. 14, p. 222.) Equivalently, this means 
that that the morphism vr above is flat, with its closed fiber geometrically 
regular, see [1], Thm. 18, p. 224. Under our assumption that the field A/A4 
has zero characteric, this just means: "the closed fiber is regular", that is " 

is regular" . 

Lemma 11.2. With notation as in \ll.l\ (h), assume moreover that R^'^^ is a 
regular ring, of dimension n, a^i \ . . . , an^ is a regular system of parameters 
of R^'^\ and for all i let ai E M = r{R) be such that ai induces af^ via 
the canonical homomorphism R R^^\ Then: (i) ai,...,a„ is a regular 
sequence in R, (ii) R is a Cohen- Macaulay ring, {Hi) If R is a M -smooth 
A-algebra then, for any indices 1 < ii < . . . < ir < n, R/{ai-^, . . . , ai^)R is a 
M -smooth A-algebra. 

Proof. We show that oi, . . . , a„ is a regular sequence by induction on n, the 
case n = (i.e., A = R) being trivial. It suffices to check that a := ai is a 
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regular element of R. In fact, if this is the case, then our hypotheses applies 
to R/ (ai) and the images of 02, ... , a„ in this ring, and we use induction. 

We shall see that a is regular in R by induction on dim(A) (dimension 
as a vector space over k = A/Ai). The case where dim (A) = is trivial. 
For the inductive step, we shall use the well-known fact that the maximal 
ideal A4 contains an element e 7^ such that eAi = 0. Let A' := A/{e)A, 
(f) = R ^ R' := R/ {e)R be the canonical homomorphism and b the image of 
Oi in R'. By induction assumption 6 is a regular element. Let a be an element 
of R such that aa = 0, a' its image in R'. Then, ba' = 0, which (by the 
regularity of b) implies that a' = 0. Hence, a E K := Ker (0) = (e) R. Note 
that, by the property of the element e, K = {e)R is naturally a /c-module, 
as such isomorphic to By this isomorphism, a E K corresponds to 

c e and aa to a^i^ c. Since a^'^'* 7^ in the integral domain R^^'^ 

(because a^^^ is part of a regular system of parameters), c = 0, hence a = 0, 
as desired. This proves (i) 

(a) The fact that R is Cohen Macaulay follows from the equalities 
dim(i?) = dim(i?(°)) = n and the existence of the regular sequence ai, . . . , a„, 
that we just verified. 

{iii) Concerning the smoothness, to begin with R is A-fiat by the "lifting 
relations criterion" ([3] p. 11, the proof presented there, for polynomial rings, 
works more generally and yields the result we need here.) In fact, we are 
dealing with regular sequences, whose relations are trivial. Next, the only 
closed fiber is a regular variety, since af^ , ■ ■ ■ , CLn^ was a regular system of 
parameters in the regular local ring which gives us smoothness. □ 

Proposition 11.3. Let f : X Y be a morphism of noetherian schemes, 
D G X an effective Cartier divisor (which we identify to a closed subscheme 
of X locally defined by a non-zero divisor), U = X — D,f': D^Y and 
fu : U ^ Y the morphisms induced by f by restriction. Assume both f 
and fu are smooth. Then, f is smooth (i.e., flat with geometrically regular 
fibers.). 

Proof. . In |23] it is shown that the flatness of /' and fu implies that / 
is fiat. Let us check that all the geometric fibers are regular. So, consider 
such a fiber Xy, y a geometric point of Y. Here, with obvious notation, 
D nXy (Z Xy is a. Cartier divisor, let Uy = Xy — D. Note that DnXy (resp. 
Uy) can be identified to the fiber of /' (resp. fu) at y, hence is regular. Then 
the regularity of Xy is a consequence of the following lemma, finishing the 
proof. □ 

Lemma 11.4. Let (i?. A/") be a noetherian local ring, a E M a regular ele- 
ment of R (i.e., a non-zero divisor), suppose R/{a) is a regular ring. Then, 
R is regular. 
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Proof. Let dim{R) = d, R' := R/Af, Af' the maximal ideal of R'. By ^, 
Cor. 12.18, dim(i?')= d — 1, The natural homomorphism of vectors spaces 
(over the common residue field k) M /N"^ M' /M'"^ is onto and its kernel is 
generated by a+N"^, hence we have dim{Af/N"^) < dim{M' / M''^) + 1, where 
dim means dimension as a vector space. But by the assumed regularity of i?', 
the right hand side is equal to dim(_R') + 1 = dim(_R) — 1 + 1 = dim(_R) = d. 
Hence dim(i?) = dim{N' /N"^) and R is regular. □ 

Proposition 11.5. The notation is as in 1.1(a), we asume that R is M- 
smooth over A. Let ai, . . . , he elements of R inducing a regular system 
of parameters a'^, . . . , of the regular local ring and I )R, 
r < n . If p : Z' ^ Z is the blowing-up of Z with center I and vr' : Z' — > 5 
the composition of p and tt, then n' is a smooth morphism. 

Proof. . Let Ri := R[ai/ai, ■ ■ ■ ,an/ai]. By the usual local description of 
the blowing-up, it suffices to show that if we regard Ri as an A-algebra via 
the composition homomorphism A R Ri, then the resulting morphism 
Ui := Spec (Ri) — is smooth, for alH = 1, . . . , n. To simplify the notation 
take i = 1. Let E G Z' he the exceptional divisor of our blowing-up, 
Ei := E n Ui (note that that Ui is naturally identified to an open of Z'). By 
Proposition [TT31 it suffices to show that the induced morphisms from U- := 
Ui — Ei and Ei to S are both smooth. Since U[ is isomorphic to Z — V{I), and 
Z is smooth over S", U[ — S" is smooth. Concerning, Ei — > 5", since Oi, . . . , 
is a regular sequence in i?, then we have an isomorphism of graded rings 
grj-(i?) = (i?/J)[Ti, . . . ,Tr], where the Tj's are indeterminates. The Proj of 
this is E and, "dehomogenizing" , Ei is isomorphic to Spec(i?//)[t2, • • • ,tr]) 
(see [H], p. 152), where ti = Tj/Ti, z = 2, . . . ,r. Since {R/I)[t2, . . . ,tr] is a 
polynomial ring over R/I and R/I is smooth over A (by Lemma [11.2[ iii), 
the smoothness of the projection Ei —>■ S follows. □ 

On the following proposition we use the notation of EHESl 

Proposition 11.6. Let W ^ S = Spec (A) be a smooth morphism, w G 
W , ai, . . . , a„ a partial system of A-regular parameters of R = Ow,w, I = 
(oi, . . . ,an)R- Let R be the I-completion of R. Then, R is isomorphic to a 
power series ring A'[[xi, . . . so that the isomorphism sends ai into Xi, 

i = 1, . . . ,n and A' is isomorphic to R/I. 

Proof, (i) First we shall prove this result with the added assumption that 
R contains a subring A' isomorphic to R/I via the canonical quotient ho- 
momorphism. In this case R is not necessarily local, and ai, . . . , a„ may be 
assumed to be just a regular sequence. 

Consider the ring homomorphism ip : A'[xi, . . . , x„] R (where the el- 
ements algebraically independent over A') such that ip{b) = b 
if 6 G A' and ip{xi) = ai for all i. We claim that the induced homomorphism 



54 



AUGUSTO MOBILE 



of completions, with respect to the ideals (xi, . . . , x„) and (ai, . . . , a^) re- 
spectively, is the desired isomorphism. It suffices to show that for all positive 
integer j the homomorphism ipn '■ ^'[xi, ■ ■ ■ ,Xn]/{xi, . . . , XnY — > R/ PA' in- 
duced by is bijective. By taking quotients this will be true if the induced 
homomorphism (xi, . . . yXnY /{xi, . . . ,Xn)-'~^^ — >■ P /P^^ is bijective, for all 
positive integer j. But the later statement is true by the isomorphism of 
graded rings R/I[xi, . . . ~ grj{R) (proved, e.g., in [18], page 152). 

(ii) Let us consider now the general case. First let us check that the 
completion R contains a subring A' mapping isomorphically onto R/I ~ R/I 
via the quotient map (where / := IR). To see this, consider the commutative 
diagram 

A > R/P 

A' -i^ R/I 

(recall that R is an A-algebra). Note that by 111.21 A' R/I is smooth 
over A, hence the is a homomorphism a2 '■ A' ^ R/P making the resulting 
augmented diagram commutative. Thus, we obtain a commutative diagram: 

A > R/P 

A' R/P 

As before, the smoothness of A' over A gives us a homomorphism : 
A' —>■ R/P making the resulting augmented diagram commutative. Reiter- 
ating, we get a system of compatible homomorphisms aj : A' — > R/P for 
all positive integer j, which yields a homomorphism A' ^ R inducing an 
isomorphism A' ^ R/I. Thus the image of A' (still denoted by A') is the 
desired subring of R. 

(iii) Now apply the result of (i) to R. If R* denotes its completion 
with respect to the ideal ( ), then R* is isomorphic to a power 
series ring . . . , x^]], so that the isomorphism sends Oj into Xj. But 
since R is (ai, . . . , an)-complete, the natural homomorphism R ^ R* is 
an isomorphism. Thus, R has the desired property, and the proposition is 
proved. □ 

Next we present a result on blowing-ups that we use several times. 

Proposition 11.7. Let f : X ^ T be a morphism of schemes, C <Z X a 
close subscheme, flat over T , J = I{C), such that C Ox,x is generated by 
a regular sequence , for allx & C . Let T' ^ T be a morphism, X' = X XtT' , 
p : X' ^ X the natural projection, C = C T' = p^^{C), Xi — > X and 
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X[ — » Xi the blowing-ups with centers C and C respectively. Then, there 
is a natural isomorphism X[ = Xi ^ x X' 

11.8. In particular, we may take as T' a closed point t of T and the natural 
morphism Spec {k{t)) —* T. By the proposition, we may identify the blowing 
-up of f-\t) with center f'\t) n C with fi~\t), where /i : Xi T is 
obtained by composition. 

By using the definition (or construction ) of the blowing-up given in [13] , 
page 163, Proposition 1 1 1 . 7l is an easy consequence of the following algebraic 
lemma. In it, if -B is a ring and / and ideal of B, we write : = 

B® I ®P (a graded S-algebra). 

Lemma 11.9. Let R ^ B be a homomorphism of rings, I G B an ideal, 
generated by a regular sequence, such that B/I is R-flat. Let R R' a 
ring homomorphism, B' := R' ©r B (naturally a B-algebra) and I' := IB' . 
Then, 7b® R' = 7b'{I')- 

Proof. The contention follows if we prove that /" R' = {I')^ = {IB)^, 
for all n > 0. But this follows if i?//" is i?-flat, for all n. Indeed, from the 
exact sequence of i?-modules 

0^ r ^ B ^ B/l" 

by tensoring with R' over R we get, from the flatness of the i?- module B/I"", 
that the sequence 

o-^r®R R'^B' {B/r) 0rR' ^0 

is exact. So, (pn is injective and /" R' = lm(0^) = {IB')^, as needed. 

To see that B/I"' is i?-flat (for all n > 0), from the fact that / is 
generated by a regular sequence, we obtain canonical isomorphisms 

grj{B) = B/I © I/P © 1^1^ © • ■ ■ = {B/I) [T,, . . . , T,] 

(a polynomial ring, see [TSj, Proposition 5.10). Thus, is a finite 

free i?//-module, for each n. Since B/I is i?-flat, it follows that J^/J^+^ is 
i?-flat, for all n > 0. By using the exact sequences 

and induction, we obtain that i?//" is i?-flat for all n > 0, as desired. □ 
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